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ASYMPTOTIC INVARIANTS OF LATTICES IN LOCALLY COMPACT GROUPS
ALESSANDRO CARDERI
Abstract. The aim of this work is to understand some of the asymptotic properties of se-
quences of lattices in a fixed locally compact group. In particular we will study the asymptotic
growth of the Betti numbers of the lattices renormalized by the covolume and the rank gradi-
ent, the minimal number of generators also renormalized by the covolume. For doing so we
will consider the ultraproduct of the sequence of actions of the locally compact group on the
coset spaces and we will show how the properties of one of its cross sections are related to the
asymptotic properties of the lattices.
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Introduction
Let us consider a real-valued invariant P of countable groups, that is P assigns to every
countable group Γ a (possibly infinite) real number P(Γ). The main examples for us will be
when P = d is the rank, that is the minimal number of generator, and when P = bi is the
i-th Betti number, that is the dimension of the i-th homology groupwith rational coefficients.
However the questions that we address are still interesting and often open for many other
invariants such as the rank of the abelianization or the dimension of the homology with
coefficients in a finite field. We want to understand the following problem, see [Lüc16].
Approximation problem for P. For a countable, residually finite group Γ and a sequence
of finite index subgroups {Γn}n of Γ such that the index [Γ : Γn] tends to infinity does the
sequence P(Γn)/[Γ : Γn] converge? If so does the limit depend on the sequence {Γn}n? Can
we compute this limit?
A first striking result in this direction is the Lück’s approximation theorem [Lüc94] which
states thatwhenever Γ is the fundamental group of a compactmanifold and {Γn}n is a (nested)
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chain of normal subgroups of Γ satisfying ∩nΓn = {1Γ}, then the sequence bi(Γn)/[Γ : Γn]
converges to the i-th ℓ2-Betti number of the group Γ,whichwill be denoted by βi(Γ). Therefore,
under some assumptions on the group and on the chain, the approximation problem is
completely understood and the limit does not depend on the chain. The needed assumptions
on the sequence of finite index subgroups were later weakened by Farber.
Definition. A sequence of finite index subgroups {Γn}n is called Farber if for every γ ∈ Γ \ {1Γ}
we have
lim
n
∣∣∣∣{1Γn ∈ Γ/Γn : γ ∈ 1Γn1−1}∣∣∣∣
[Γ : Γn]
= 0.
Farber proved in [Far98] that the sequence bi(Γn)/[Γ : Γn] also converges to βi(Γ) whenever
{Γn}n is a Farber and nested chain of finite index subgroups of Γ. The approximation problem
for bi was later studied in several different occasion, for example in the case of non Farber
chains in [BG04], for sofic approximations in [ES05] and in amore general setting in [CGS18].
Another invariant for which the approximation problem has been widely studied is the
rank. Abért andNikolov proved in [AN12] that whenever Γ is a finitely generated group and
{Γn}n is a Farber chain of finite index subgroups, then the sequence d(Γn)/[Γ : Γn] converges
towards the cost of the associated profinite action (minus 1). In this case however it is still
unknown whether the limit depends on the chosen Farber sequence, indeed it is unknown
whether all free p.m.p. actions of a fixed countable group have the same cost, [Gab00]. Abért
andNikolov’s theoremwas later generalized to non-nested sequences in [AT17] and [CGS18],
where in general only one inequality is proved.
In our work we are interested in a variant of the approximation problem for lattices in
locally compact groups.
Lattice approximation problem forP. For a locally compact, second countable groupG and
a sequence of lattices {Γn}n of G such that the covolume covol(Γn) tends to infinity does the
sequence P(Γn)/ covol(Γn) converge? If so does the limit depend on the sequence {Γn}n? Can
we compute this limit?
The lattice approximation problemwas first studied for Betti numbers in [ABB+17] where,
among many other things, it is proven that if G is a connected center-free semi-simple Lie
group and {Γn}n is a sequence of lattices which is nowhere thin and almost everywhere thick,
then the sequence bi(Γn)/ covol(Γn) converges to the i-th ℓ2-Betti number of the associated
homogeneous space.
Definition. A sequence of lattices {Γn}n is
• nowhere thin (or uniformly discrete) if there exists a neighborhood of the identityU ⊂ G
such that for every 1 ∈ G and n ∈Nwe have that 1Γn1−1 ∩U = {1G};
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• almost everywhere thick (or Farber) if for every neighborhood of the identity U ⊂ G we
have
lim
n
vol
({
1Γn ∈ G/Γn : 1Γn1−1 ∩U = {1G}
})
covol(Γn)
= 1.
A similar result was obtain in [PST18] for totally disconnected groups acting cocompactly
on simplicial complexes. In this context they were also able to get an inequality for the limit
without the “nowhere thinness” assumption. One of the purposes of this work is to give a
unified proof of these two results and to generalize them in the context of a general locally
compact group.
Theorem (Corollary 4.4). Let G be a l.c.s.c. group and let {Γn}n be an almost everywhere thick
sequence of torsion free lattices of G. Assume that one of the following conditions holds.
• The group G is almost connected.
• The group G is totally disconnected and it acts cocompactly and properly on a contractible
simplicial complex.
• The quotient G/G0 satisfies the previous condition, where G0 < G denotes the connected
component of the identity
Then
βi(G) ≤ lim inf
n
bi(Γn)
covol(Γn)
and if the sequence {Γn}n is nowhere thin, then
βi(G) = lim
n
bi(Γn)
covol(Γn)
.
Here by βi(G) we mean the i-th ℓ2-Betti number of the locally compact group G as defined
in [Pet13] and [KPV15]. In particular we derive as a corollary the above stated theorem
in [ABB+17] and in [PST18] for torsion free lattices.1 We will actually prove the theorem
in a much more general context, see Theorem 4.2, of actions on what we call well-covered
G-spaces, see Definition 4.1. In particular a similar convergence will be derived for every
cocompact, proper and isometric action on a Riemannian manifold or for every cocompact,
proper and simplicial action on a simplicial space. The theoremabovewill be then a corollary
of Theorem 4.2 by considering the action of G on a contractible well-covered G-space.
Let us observe that for some groups G which either have property (T) or (τ) and which
satisfy the conclusion of the Stuck-Zimmer theorem,any sequence of latticeswhose covolume
tends to infinity is automatically almost everywhere thick, or Farber see [ABB+17], [GL18]
and [Lev17]. We will dedicate a small note about this phenomenon in a further work [Car].
Using similar techniqueswe are also able to obtain an analogous theorem for the the lattice
approximation problem for the rank. For this we need the notion of cost for a p.m.p. action
1The general form of Theorem 1.3 of [PST18] can also be derived from our techniques but in this text we will
only work with torsion free lattices.
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of a locally compact group. Such a cost can be defined, see Definition 3.1, to be the cost of
one its cross sections renormalized by the covolume, that is if G acts on (X, µ) and Y ⊂ X is a
cross section, then
Cost (Gy X) := 1 +
Cost(RY) − 1
covol(Y)
.
Theorem (Theorem3.7). Let G be a l.c.s.c. group. Let {Γn}n be a nowhere thin and almost everywhere
thick sequence of lattices of G. Then
Cost
(
Gy [G/Γn]Ru
)
≥ 1 + lim
u
d(Γn) − 1
covol(Γn)
≥ Cost(G).
The probability space [G/Γn]Ru is a measure-theoretic ultraproduct of the measure spaces
{G/Γn}n and will be the main object of study in this work. The cost of this action is in most of
the cases unknown and seems very hard to compute and we will not give concrete bounds
of it.
The case of Lie groups. Loosely speaking the assumption of nowhere thinness is needed
because the homology/cost of the limit will only depend on the thick part of the quotients by
the lattices Γn. For Lie groups we can make this observation a little bit more precise.
Let G be a connected Lie group, let K0 < G be a maximal compact subgroup and consider
the homogeneous spaceM := K0\G. Let us fix a Riemannianmetric onM for which the action
of G is isometric and we denote by dM the associated (geodesic) distance. For a positive real
number ε we consider the ε-thick part
(M/Γ)ε :=
{
p ∈M : dM(p, pγ) ≥ ε ∀γ ∈ Γ \ {1}
}
/Γ.
Finally if P ⊂ Q is an inclusion of topological spaces we will denote by ∇i(P,Q) the
dimension of the image of the i-th homology group of P inside the homology of Q.
Theorem (Theorem 4.5). Let G be a Lie group, let K0 be a maximal compact subgroup and consider
M = K0\G. Let {Γn}n be a Farber sequence of torsion free lattices of Γ. Then for every ε > 0 we have
that
βi(G) = lim
n
∇i((M/Γn)ε,M/Γn)
covol(Γn)
.
The theorem becomes easier to understand whenever we have that (M/Γn)ε already con-
tains all the homological information of the space, that is when∇i((M/Γn)ε,M/Γn) = bi(M/Γn).
In this work we will not study this phenomenon. We will just observe in Corollary 4.6 that
an easy consequence of the thin-thick decomposition, [Thu97, Theorem 4.5.6], the work of
Gromov, [BGS85] and the more recent work of Gelander, [Gel04], imply that it is the case
for i = 1, for higher rank non cocompact lattices and (almost always) in rank 1. In this way
we are able to get a result similar to Theorem 1.8 of [ABB+17] and to an announced work by
Abért, Bergeron, Biringer and Gelander.
Similarly, for the rank-cost approximation problem we obtain the following.
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Theorem (Theorem 3.11). Let G be a semisimple Lie group without compact factors and let {Γn}n
be a Farber sequence of torsion free lattices. Then
Cost
(
Gy [G/Γn]Ru
)
≥ 1 + lim
u
d(Γn) − 1
covol(Γn)
≥ Cost(G).
Ultraproducts of actions. All the above stated theorems will be derived using the notion of
ultraproducts of p.m.p. actions of locally compact groups along some fixed ultrafilter u. Note
that if a locally compact groupG acts measurably on a sequence of probability spaces, then it
will not act measurably on the associated ultraproduct. But it will however act measurably
on a factor of it, which in the context of von Neumann algebras is sometime called the
equicontinuous part, [Tom17]. We will use a similar ultraproduct which we will call the
regular ultraproduct.
Definition (Definitions 1.7 and 1.8). Assume that the l.c.s.c. group G acts measurably on
the sequence of probability spaces {(Xn, µn)}n. We define [Xn]Ru :=
∏
n∈N Xn/ ∼
R
u for the
equivalence relation defined by (xn)n ∼Ru (yn)n if there is a sequence 1n ∈ G such that limu 1n =
1G and 1nxn = yn for u-almost every n.
We say that a sequence of subsets {An ⊂ Xn}n is (u-)regular if for every ε > 0 there
exists a neighborhood of the identity U ⊂ G such that UAn is measurable and such that
µn(UAn \ An) ≤ ε for u-almost every n.
The regular ultraproduct is the probability spacewhoseunderlying set is [Xn]Ru , the σ-algebra
of measurable subsets is generated by the class of regular sequences [An]Ru and for such a
sequence the measure is defined to be µRu ([An]
R
u ) := limu µn(An).
Theorem (Theorem 1.16). Let G be a l.c.s.c. group. Suppose that G acts in a Borel manner on the
sequence of standard probability spaces (Xn, µn) preserving the measure. Then G acts continuously
and measurably on the regular ultraproduct ([Xn]Ru ,B
R
u , µ
R
u ).
One of the main tools for understanding p.m.p. actions of locally compact groups is the
notion of cross section. For the regular ultraproductwe have an explicit one: the cross section
of the regular ultraproduct is the ultraproduct of the cross sections.
Theorem (Theorem 2.14). Let G be a l.c.s.c. unimodular group, fix an open neighborhood of the
identity U′ ⊂ G and a Haar measure λ. Suppose that G acts on the sequence of standard probability
spaces (Xn, µn) and assume that for every n there exists a U′-cross section Yn ⊂ Xn such that
{covol(Yn)−1}n is bounded. Take a compact neighborhood of the identity U ⊂ U′. Consider the
function
Ψ : G × [Yn]u → [Xn]Ru Ψ(1, [yn]u) := [Φn(1, yn)]
R
u .
Then ([Yn]u,Ψ) is an external U-cross section of the action of G on the G-invariant measurable subset
G[Φn(U × Yn)]Ru ⊂ [Xn]
R
u .
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Moreover we will show that this property extends also naturally to the associated cross
equivalence relations, see Theorem 2.16.
Sketch of the proof(s). Our understanding of the lattice approximation problem will be
derived from the study of the regular ultraproduct and its cross section. Indeed using that
the cross section of the regular ultraproduct is the ultraproduct of the cross sections we
will reduce the problem to the case of ultraproducts of finite graphed equivalence relations
studied in [CGS18]. The idea behind the proof is not hard but since we will have to work
with non standard probability spaces we have to be very careful about the measurability
problems. Wewill now sketch the proof of one of these theorems, say Theorem 4.5, assuming
that everything is measurable.
Let us fix a connected Lie group G, denote by K0 a maximal compact subgroup. Put
M := K0\G and let dM be a geodesicG-invariant metric onM. Consider an almost everywhere
thick sequence of lattices {Γn}n and a positive real number ε. Take a sufficiently small η and
for every n consider a subset Dn ⊂ (M/Γn)ε which is maximal η-discrete so that the cover by
the ball or radius 2η and center in Dn covers (M/Γn)ε. We will now assume that the union
of these balls is (M/Γn)ε, which is obviously not true in general but (M/Γn)ε can be easily
sandwiched between two such covers.
Let D˜n be the associated η-discrete Γn-invariant subset ofM. For every 1 ∈ G we consider
Dn1 to be the translate of Dn inside M/(1−1Γn1) and observe that Dn1 is the quotient of D˜n1
by 1−1Γn1. In this way we get a random pointed η-discrete subset of M indexed by G/Γn
(up to an inversion) which can also be thought as a random pointed η-discrete subset of
the “random space” M/(1−1Γn1). Let us denote by En a random element according to this
measure, that is a random translate of D˜n.
Let us fix an ultrafilter u. For every sequence of pointed η-discrete subsets {En}n we can
form the pointed (at the identity) Hausdorff limit to obtain a η-discrete subset Eu of M.
The assumption that {Γn}n is almost everywhere thick now translate to the fact that Eu is
2η-dense. Therefore if we consider the space of sequences of elements in G/Γn modulo the
fact the Hausdorff limit are the same, that is the regular ultraproduct, we obtain a random
G-invariant η-discrete, 2η-dense subset ofM. Let us discretize the problem.
For every n by construction the setDn is finite. We consider now the finite set of translates
of Dn which are pointed at an element of the original Dn. When we take the nerve of the
associated covering by balls of radius 2η we are just considering a finite simplicial complex
and we are choosing its root at random.
Nowas above we let n go to infinity andwe take the limit following the ultraproduct of the
sequence of pointed finite simplicial complexes as in [CGS18] (which is closely related to the
Benjamini-Schramm convergence of finite simplicial complexes). This will give us a random
(not anymore finite) simplicial complex. We have taken this ultraproduct forgetting about
the underlying structure of being the nerve of a cover of (M/Γn)ε. We could also follow the
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procedure as before to construct η-discrete subsets ofM and then take their nerve. However
these two constructions agree. Now the fact that the ultraproduct of the cross sections is
the cross section of the regular ultraproduct will tell us that the random simplicial complex
obtained in this way is a discretization (read cross section) of the nerve of the random cover
defined above.
We now have to observe two facts. The first is that [KPV15] implies that the ℓ2-Betti
numbers of the discretization and the process itself are the same (modulo a covolume factor).
The second is that it follows from [CGS18] that the ℓ2-Betti numbers of the finite random
simplicial complexes converge as in Lück approximation theorem to the ℓ2-Betti numbers of
the ultraproduct of the sequence. Finally a little bit of checking on covolumes and constants
will give the desired result.
Acknowledgements
This research was supported by the ERC Consolidator Grant No. 681207. The author is
grateful to Andreas Thom and Vadim Alekseev for countless interesting discussions over a
Schweinshaxe or a cup of tea. This work could not have been completed without their help
and support.
1. Preliminaries
One of the main concept in this work will be the notion of ultraproduct. Hence we fix now
and for the entire work a non-principal ultrafilter u over the natural numbersN. We will say
that a property of a sequence {an}n holds for u-almost every n if the set of n ∈ N for which an
satisfy the property is in the ultrafilter u.
In this text measure spaces will always be complete and σ-finite, in most of the cases
probability spaces. We will denote by (X,B, µ) a measure space, or briefly (X, µ) when we
do not need to specify the σ-algebra B. We say that the σ-finite measure space (X,B, µ)
is separable if the the σ-algebra B is generated up to null-sets by a countable subset. A
measurable map between measure spaces is a map T : (X, µ) → (Z, ν) such that for every
measurable subset A ⊂ Z we have that T−1(A) is measurable. We will say that T is (inverse)
measure preserving if µ(T−1(A)) = ν(A) for every measurable subset A ⊂ Z.
We will work with locally compact second countable (l.c.s.c.) groups, often denoted by G and
almost always unimodular and compactly generated. Wewill denote their left Haar measure
by λ. By a neighborhood of the identity we mean a bounded Borel subset of G which contains
an open subset containing the identity, which is usually denoted by 1G. In particular for us
neighborhoods of the identity have finite Haar measure. A measure preserving action of G on
a measure space (X, µ) is an action of G on the setX such that for every 1 ∈ G the map x 7→ 1x
is a measure preserving trasformation of the space. Note that 1x is defined for every x ∈ X.
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For an action of G on the probability space (X, µ) we will denote by Φ : G×X → X the action
map, that is Φ(1, x) := 1x.
Definition 1.1. We say that an action is measurable if the action map Φ : G × X → X is
measurable.
As an example any Borel action of a l.c.s.c. group on a standard Borel space is measurable.
Indeed if A ⊂ X is measurable, then there are Borel subsets A1 and A2 such that A1 ⊂ A ⊂ A2
and µ(A1) = µ(A2). Clearly Φ−1(A1) ⊂ Φ−1(A) ⊂ Φ−1(A2) and by assumption Φ−1(Ai) is Borel.
Therefore Fubini2 implies that λ × µ(Φ−1(A2 \ A1)) = 0 and hence that Φ−1(A) is measurable.
We will say that a measurable action of G on the measure space (X, µ) is probability measure
preserving (p.m.p.) if µ is a probability measure and the action preserves it.
1.1. Continuity of actions. Assume that the l.c.s.c. group G acts on the probability measure
space (X, µ) preserving the measure. Let U ⊂ G be a neighborhood of the identity and take
ε > 0. A measurable subset A ⊂ X is (U, ε)-invariant if sup
1∈U µ(A∆1A) ≤ ε.
Observe that since the action is measure preserving A is (U, ε)-invariant if and only if it is
(U∪U−1, ε)-invariant. We say that a measure preserving action of G on the probability space
(X, µ) is continuous at the measurable subset A ⊂ X if for every ε > 0 there exists U such that
A is (U, ε)-invariant and the action is continuous if it is continuous at every element of finite
measure. The following lemma is a straightforward computation.
Lemma 1.2. Assume that the l.c.s.c. group G acts on the probability space (X, µ) and consider
measurable subsets A,B ⊂ X which are (U, ε)-invariant. Then 1A is (1U1−1, ε)-invariant, X \ A is
(U, ε)-invariant and A∩B and A∪B are (U, 2ε)-invariant. In particular if G is continuous at A and
B, then it is continuous at 1A, A ∩ B and X \ A.
If a l.c.s.c. group G acts in a Borel manner on the standard probability space (X, µ), then
the induced map from G to Aut(X, µ) is Borel and hence is automatically continuous when
we equip Aut(X, µ) with its natural Polish topology, that is the weak topology, see Theorem
2.3.3 of [Gao09]. Therefore any Borel action is automatically continuous. Let us sketch the
proof of the analogous statement for general measure spaces.
Proposition 1.3. Assume that the l.c.s.c. group G acts measurably on the probability space (X, µ).
Then the action is continuous.
Proof. Take a measurable subset A ⊂ X, let U ⊂ G be a symmetric neighborhood of the
identity and denote by λ a Haar measure on G. Take ε ∈ (0, λ(U)). Since Φ−1(A) ⊂ G × X
is measurable there exists a measurable finite partition {Wi}i of U and measurable subsets
Bi ⊂ X such that if we set T := ∪iWi × Bi, then λ × µ(T∆(U × X ∩ Φ−1(A))) < ε2. For
2which holds for every probability space, see [Fre, Theorem 252B]
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1 ∈ G set T1 := {x ∈ X : (1, x) ∈ T} and observe that if 1, h ∈ Wi, then T1 = Th = Bi. Put
V :=
{
1 ∈ U : µ(1A∆T1) ≤ ε
}
. Observe that λ × µ(U \ V) ≤ ε.
Fix i such that Z := Wi ∩ V has positive Haar measure and remark that Z−1Z contains an
open neighborhood of the identity U′ ⊂ U. For every u ∈ U′ there are 1, h ∈ Z such that
u = 1−1h. Therefore
µ(uA∆A) = µ(1A∆hA) ≤ µ(1A∆T1) + µ(hA∆Th) ≤ 2ε. 
Since the groups we consider are separable every continuous action is locally described by
a separable σ-algebra.
Lemma 1.4. Assume that G acts on the probability space (X,B, µ) preserving the measure. Suppose
that P is a subset of B such that G is continuous at every element of P. Then G acts continuously on
the G-invariant σ-subalgebra BP generated by P.
If P can be generated by a countable subset, then BP is separable.
Proof. Let H ⊂ G be a dense countable subgroup and let us denote by AH the algebra of
subsets generated by {hP}h∈H . Observe that if P is generated by a countable subset, thenAH
is. SinceH < G is dense and the action is continuous we have thatAH is dense in the algebra
AG generated by theG-translates of P. By [Fre, Proposition 136H] every element B ∈ BP and
ε > 0 there exists Aε ∈ AG (which we could take in AH) such that µ(B∆Aε) < ε. Therefore
µ(1B∆1Aε) < ε and BP is G-invariant and if U ⊂ G is a neighborhood of the identity such
that Aε is (U, ε)-invariant, then
sup
1∈U
µ(B∆1B) ≤ sup
1∈U
(
µ(A∆B) + µ(A∆1A) + µ(1B∆1A)
)
≤ 3ε. 
Suppose thatG acts on the probability space (X,B, µ) preserving themeasure. The ordered
setwith respect to the inclusion of sub-σ-algebras ofB for which the action ofG is continuous
admit joins, that is for every two continuous sub-σ-algebras the σ-algebra generated by them
is still continuous, and a maximal element, namely the σ-algebra generated by all the A ∈ B
such that G is continuous at A.
1.2. Ultraproducts. We will now define the regular ultraproduct of G-probability spaces. Let
us fix a (non principal) ultrafilter u.
Definition 1.5. Let {Xn}n∈N be a sequence of sets and let X be their Cartesian product X :=∏
n∈N Xn. The ultraproduct of the sequence {Xn}n is the set [Xn]u :=
∏
n∈N Xn/ ∼u where the
equivalence relation∼u is defined as usual by saying that (xn)n ∼u (yn)n if xn = yn for u-almost
every n.
When the sequence {Xn}n is clear from the context we put Xu := [Xn]u. We will denote by
xu and Au elements and subsets of Xu. For a sequence {xn ∈ Xn}n we will denote by [xn]u
its class in Xu and similarly for a sequence of subsets {An ⊂ Xn}n we will denote its class by
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[An]u. If eachXn is a probability space, then there is a canonical way to construct a probability
measure on Xu, the Loeb probability space, see for example [Car15].
Theorem1.6. Let {(Xn,Bn, µn)}n∈N be a sequence of probability spaces and let Xu be the ultraproduct
of the sequence {Xn}n. Then there exists a complete probability space (Xu,Bu, µu) such that
(1) for every sequence {An ∈ Bn}n the set [An]u is in Bu and µu([An]u) = limu µn(An),
(2) for every Au ∈ Bu there exists a sequence {An ∈ Bn}n such that µu(Au∆[An]u) = 0.
From now on we fix a l.c.s.c. group G and we assume that it acts on the sequence of
probability spaces {(Xn,Bn, µn)}n∈N preserving the measure. We can define an action of G
on the ultraproduct by the formula 1[xn]u := [1xn]u. This action preserves the measure µu on
Xu. However even if the action of G on Xn is continuous for every n, the action of G on the
ultraproduct Xu will be neither continuous nor measurable.
Definition 1.7. Assume that the l.c.s.c. group G acts measurably on the sequence of proba-
bility spaces {(Xn, µn)}n. We set [Xn]Ru :=
∏
n∈N Xn/ ∼
R
u for the equivalence relation defined
by (xn)n ∼Ru (yn)n if there is a sequence {1n}n of elements of G such that limu 1n = 1G and
1nxn = yn for u-almost every n.
If the sequence {Xn}n of spaces is clear from the context we will put XRu := [Xn]
R
u . We will
denote by [xn]Ru ∈ X
R
u the point associated to the sequence (xn)n. We will often denote by
ARu subsets of X
R
u . Put G
0
u :=
{
(1n)n ∈
∏
n∈N G : limu 1n = 1G
}
. Since G is a topological group
multiplication and inversion are continuous in G and therefore G0u is a group. Whenever G
acts on the sequence of spaces {(Xn, µn)}n we can define an action of G0u on Xu by (1n)n[xn]u :=
[1nxn]u. Observe that [Xn]Ru = [Xn]u/G
0
u.We will denote by π
R
u : [Xn]u → [Xn]
R
u the associated
quotient map. For every 1 ∈ Gwe have that 1G0u1
−1 = G0u so the group G acts on [Xn]
R
u by the
same formula 1[xn]Ru := π
R
u (1[xn]u) = [1xn]
R
u and π
R
u is G-invariant.
If Xn = G/Γn for some sequence of lattices (Γn)n and µn is the normalized Haar measure,
then [Xn]Ru corresponds to the metric ultraproduct of the sequence (Γn)n with respect to a
suitable proper metric. Observe however that if covol(Γn) tends to infinity, then the limit
metric on [Xn]Ru is only defined with values in [0,+∞]. Two points in [Xn]
R
u are at bounded
distance for this limit metric if and only if they are in the same G-orbit. We will now define
the measurable structure and the probability measure on [Xn]Ru .
Definition 1.8. We say that a sequence of subsets {An ⊂ Xn}n is (u-)regular if for every ε > 0
there exists a neighborhood of the identity U ⊂ G such that UAn is measurable for u-almost
every n and for u-almost every nwe have µn(UAn \ An) ≤ ε.
Remark that for every sequence of subsets {An ⊂ Xn}n and neighborhood of the identity
U ⊂ Gwehave thatG0u[An]u ⊂ [UAn]u. Therefore if {An}n is regularwehave thatG
0
u[An]u ∈ Bu
and µu(G0u[An]u) = µu([An]u). For {An}n regular we put [An]
R
u := π
R
u ([An]u) and we will say
that [An]Ru is a regular subset of [Xn]
R
u .
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Definition 1.9. Assume that the l.c.s.c. groupG acts measurably on the sequence of probabil-
ity spaces {(Xn, µn)}n and let [Xn]Ru be as in Definition 1.7. We let B
′
u be the smallest σ-algebra
of subsets of [Xn]Ru which is generated by the sets [An]
R
u for regular sequences {An}n. Then
we have that (πRu )
−1(BRu ) ⊂ Bu and we let µ
R
u := (π
R
u )∗(µu), that is µ
R
u (A
R
u ) = µu((π
R
u )
−1(ARu )).
We let now BRu be the µ
R
u -completion on the σ-algebra B
′
u. We will call the measure space
([Xn]Ru ,B
R
u , µ
R
u ) the regular ultraproduct of the sequence of probability spaces {(Xn,Bn, µn)}n.
In particular if {An}n is regular we have that
µRu ([An]
R
u ) = µu(G
0
u[An]u) = µu([An]u) = lim
u
µn(An),
and the action of G on ([Xn]Ru , µ
R
u ) is measure preserving.
Lemma 1.10. Let G be a l.c.s.c. group. Suppose that G acts in a Borel manner on the sequence of
standard probability spaces {(Xn, µn)}n preserving the measure. For every sequence {xn ∈ Xn}n the
stabilizer Gxn converges to G[x]Ru in the Hausdorff topology pointed at 1G along the ultrafilter u.
Proof. Assume that for u-almost every n we have that 1nxn = xn and that the sequence 1n
is bounded. Put 1 := limu 1n and observe that (hn)n := (11−1n )n ∈ G
0
u. So 1[xn]
R
u = [1xn]
R
u =
[hnxn]Ru = [xn]
R
u . On the other hand assume that 1[xn]
R
u = [xn]
R
u . Then there exists a sequence
(1n)n ∈ G0u such that 1xn = 1nxn for u-almost every nwhence 1
−1
n 1 ∈ Gxn and limu 1
−1
n 1 = 1. 
Regular subsets behave like compact subsets in a standard probability space.
Lemma 1.11. Let {An}n be a regular sequence of subsets and let Uk be neighborhoods of the identity
such that ∩kUk = {1G}. Then ∩kUk[An]Ru = [An]
R
u .
Proof. For the proof we will assume that Uk is symmetric and that Uk ⊃ Uk+1 for every
k. An element [xn]Ru ∈ ∩kUk[An]
R
u if and only if for every k there exists uk ∈ Uk and a
sequence of elements 1kn such that uk1
k
nxn ∈ An for u-almost every n and limu 1
k
n = 1G. Set
αk := {n ≥ k : 1kn ∈ Uk and uk1
k
nxn ∈ An}. By assumption αk ∈ u for every k. Set kn := 1 for
all n < ∪αk and define kn to be the maximum of all k ∈ N such that n ∈ αk otherwise. Put
1n := ukn1
kn
n . Observe that for every n ∈ α1 we have that 1nxn ∈ An. Moreover for every
n ∈ αk we have that 1n ∈ U2k and therefore limu 1n = 1G which implies that [xn]
R
u ∈ [An]
R
u as
claimed. 
Lemma 1.12. • Let {An}n and {Bn}n be regular sequences. Then {An ∩ Bn}n and {An ∪ Bn}n
are regular sequences and [An ∪ Bn]Ru = [An]
R
u ∪ [Bn]
R
u and [An ∩ Bn]
R
u = [An]
R
u ∩ [Bn]
R
u .
• For every i ∈ N we let {Ain}n be a regular sequence. Then there exists a regular sequence
{An}n such that [An]Ru ⊂ ∩i[A
i
n]
R
u and µ
R
u (∩i[A
i
n]
R
u \ [An]
R
u ) = 0.
Proof. For everyU ⊂ Gwe have that bothU(A∩B)\ (A∩B) andU(A∪B)\ (A∪B) are contined
in (UA \ A) ∪ (UB \ B). Therefore if {An}n and {Bn}n are regular sequences, then {An ∩ Bn}n
and {An ∪ Bn}n are regular sequences. If [xn]Ru ∈ [An ∪ Bn]
R
u , then there exists an element
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(1n)n ∈ G0u such that 1nxn ∈ An ∪ Bn for u-almost every n. Hence for u-almost every n the
element 1nxn is either in An or in Bn. The ultrafilter will choose one of the two and therefore
[xn]Ru ∈ [An]
R
u ∪ [Bn]
R
u . The argument for the intersection is similar.
Fix now for every i ∈ N a regular sequence {Ain}n. Observe that by the previous point for
every N ∈Nwe have that ∩Ni [A
i
n]
R
u = [∩
N
i A
i
n]
R
u and {∩
N
i A
i
n}n is a regular sequence. Therefore
we can assume that for every i and n ∈Nwe have that Ain ⊃ A
i+1
n . Then a standard diagonal
argument as in Lemma 1.11 tells us that there exists a monotone function f : N → N such
that [A f (n)n ]u ⊂ ∩i[A
i
n]u and µu(∩i[A
i
n]u \ [A
f (n)
n ]u) = 0. Set An := A
f (n)
n and let us prove that
{An}n is regular. Fix ε > 0. There exists N such that µn(ANn \ An) ≤ ε for u-almost every
n. There also exists U ⊂ G such that µn(UANn \ A
N
n ) ≤ ε for u-almost all n. Therefore
µn(UAn \ An) ≤ µn(UANn \ A
N
n ) + µn(A
N
n \ An) ≤ 2ε. 
Lemma 1.13. Let U ⊂ G be a neighborhood of the identity. If {An}n and {UAn}n are regular
sequences, then [UAn]Ru = U[An]
R
u . Similarly if {Xn \ An}n and {Xn \ UAn}n are regular, then
[Xn \UAn]Ru = [Xn]
R
u \
◦
U[An]Ru .
Proof. Observe that [yn]Ru ∈ [UAn]
R
u if and only if there exists a sequence of elements 1n ∈ G
such that 1 := limu 1n ∈ U and element xn ∈ An such that yn = 1nxn for u-almost every n. So
[yn]Ru = [1xn]
R
u = 1[xn]
R
u and therefore [UAn]
R
u = U[An]
R
u . The other case is analogous. 
We fix a compatible metric d on the l.c.s.c. group G. We will set Br := {1 ∈ G : d(1, 1G) < r}
and Br := {1 ∈ G : d(1, 1G) ≤ r}.
Lemma 1.14. Assume that the l.c.s.c. group G acts measurably on the sequence of probability spaces
{(Xn, µn)}n preserving the measure. Consider a sequence of measurable subset {An}n such that
EAn ⊂ Xn is measurable for every Borel subset E ⊂ G. Then for almost all r ∈ R we have that
{BrAn}n, {BrAn}n, {X \ BrAn}n and {X \ BrAn}n are regular sequences.
Proof. Let us prove the lemma for {BrAn}n, the proof for the other cases is similar. Set
αn(r) := µn(BrAn) and observe that it is an increasing function. Therefore the function
αu(r) := limu µn(BrAn) is increasing and hence continuous almost everywhere. Let r be a
point of continuity of αu(r). We claim that {BrAn}n is a regular sequence. Indeed let us fix
ε > 0. By continuity there exists s ≥ r such that |αu(s) − αu(r)| < ε/3. For u-almost all n we
have that |αn(s) − αu(s)| and |αn(r) − αu(r)| are both small than ε/3. Hence we get that for
u-almost all n we have that |αn(s) − αn(r)| < ε that is |µn(Bs−r(BrAn)) − µn(BrAn)| < ε which
implies that {BrAn}n is regular. 
We are now able to prove the following useful characterization.
Proposition 1.15. For every ARu ∈ B
R
u and every ε > 0 there is a regular subset [Bn]
R
u such that
[Bn]Ru ⊂ A
R
u and µ
R
u (A
R
u \ [Bn]
R
u ) ≤ ε.
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Proof. Let us denote byA the set of subsets ARu ⊂ X
R
u for which both A
R
u and its complement
satisfy the condition in the statement. Observe that since the definition is symmetric ARu ∈ A
implies that XRu \ A
R
u ∈ A. Lemma 1.12 implies that countable intersections of elements in
A are in A. Therefore A is a σ-algebra. Finally Lemma 1.11 and 1.14 tell us that for every
regular subset is inA and hence the σ-algebra generated by the regular subsets is contained
inA. 
Theorem 1.16. Let G be a l.c.s.c. group. Suppose that G acts in a Borel manner on the sequence
of standard probability spaces {(Xn, µn)}n preserving the measure. Then G acts continuously and
measurably on the regular ultraproduct ([Xn]Ru ,B
R
u , µ
R
u ).
Proof. The action is clearly continuous at every regular subset [An]Ru ⊂ X
R
u and these subsets
generate the σ-algebra. Therefore the action is continuous (which follows also from Propo-
sition 1.3 and the measurability of the action). To show the measurability let us denote by
Φ : G× [Xn]Ru → [Xn]
R
u the action map. Proceeding as for standard Borel spaces, as explained
after Definition 1.1, and by Proposition 1.15 it is enough to show that for every regular subset
[An]Ru such that [Xn \An]
R
u is also regular we have that Φ
−1([An]Ru ) is measurable (cf. also with
Lemma 1.11 and 1.14).
Let k ∈ N and let U ⊂ G be a neighborhood of the identity such that {UAn}n and {Xn \
U(Xn \ An)}n are regular and µn(UAn) ≤ µ(An) + 2−k and µn(U(Xn \ An)) ≤ 1 − µ(An) + 2−k.
Consider a countable subset {1i}i ⊂ G such that ∪iU1−1i = G and for each i let Di ⊂ U1
−1
i be a
measurable subset such that {Di}i forms a measurable partition of G. Define
Sk := ∪iDi × 1i[Xn \U(Xn \ An)]
R
u and Tk := ∪iDi × 1i[UAn]
R
u .
Observe that Sk andTk aremeasurable and Sk ⊂ Φ−1([An]Ru ) ⊂ Tk. Put S := ∪kSk andT := ∩kTk.
Then we still have that S ⊂ Φ−1([An]Ru ) ⊂ T and Fubini tells us that T \ S is a null set (with
respect to the product measure). Therefore Φ−1([An]Ru ) is measurable. 
Finally we remark that one can prove that if a measurable subset Au ∈ Bu is G0u-invariant,
then there exists a regular sequence {An}n such thatµu([An]u∆Au) = 0. Therefore the σ-algebra
generated by the regular subsets (in [Xn]u) is up to null-sets the same as the sub-σ-algebra
of Bu of G0u-invariant sets. This common measure algebra is also the same as the one which
is sometime used in the context of von Neumann algebras, the measure algebra generated
by the equicontinuous sequences of subsets of Xn. In our work will not use these different
characterizations and hence we will not prove the equivalence. Let us also remark that we
do not know whether these constructions actually define the same σ-algebra and whether
this σ-algebra is the maximal continuous σ-algebra, the one that can be constructed thanks
to Lemma 1.4.
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2. Cross sections of ultraproducts
From now on G will be a unimodular l.c.s.c. group and we will fix a Haar measure λ on
G. Whenever G acts in a Borel way on a standard probability space (X, µ) preserving the
measure and Z ⊂ X is a Borel subset we will denote by Φ : G × Z → X the map induced by
the action, that is Φ(1, z) = 1z. Clearly Φ(1h, z) = 1Φ(h, z).
Definition 2.1. Fix a neighborhood of the identity U ⊂ G. Consider a Borel action of G on
the standard probability space (X, µ). A U-cross section is a Borel subset Y ⊂ X such that the
map Φ : U × Y → X is injective and such that µ(X \ GY) = 0.
We recall the following theorem of Forrest [For74], see also [KPV15, Theorem 4.2].
Theorem 2.2. For every p.m.p. action of a l.c.s.c. group G on a standard Borel space and for every
neighborhood of the identity U ⊂ G there exists a U-cross section.
In the following we will fix a non necessarily free3 action of G on the standard probability
space (X, µ) and a cross section Y ⊂ X. We consider the equivalence relation
RY := {(y1, y2) ∈ Y × Y : there exists 1 ∈ G such that 1y1 = y2}.
Since the map U × Y → X is injective RY is an equivalence relation with countable classes.
We recall some properties of R, see [KPV15, Proposition 4.3].
Proposition 2.3. There exists a probability measure ν on Y and a real number 0 < covol(Y) < ∞
such that Φ∗(λ
∣∣∣
U
× ν) = covol(Y)µ
∣∣∣
Φ(U×Y)
. Moreover
(1) the equivalence relation RY is Borel and the probability measure ν is RY-invariant,
(2) (RY, ν) is ergodic if and only if the action of G is ergodic,
(3) (RY, ν) has infinite orbits almost everywhere if and only if G is non-compact.
Let us define a notion of cross section for general measure spaces.
Definition 2.4. LetG be a unimodular l.c.s.c. group, fix a left measure λ and a neighborhood
of the identity U. Suppose that G acts continuously on the probability space (X, µ). An
external U-cross section of covolume covol(Y) is a probability space (Y, ν) and a measurable
G-equivariant mapΨ : G × Y → X such that
• the subsetΨ(U × Y) ⊂ X is measurable,
• the restriction Ψ
∣∣∣
U×Y
is a bijective measure preserving isomorphism between (U ×
Y, λ × ν) and (Ψ(U × Y), covol(Y)µ),
• the measurable subsetΨ(G × Y) has full measure in X.
We will show in Proposition 2.10 that an external cross section of a Borel and probability
measure preserving action on a standard Borel space is up to a null set a Borel cross section
in the sense of Definition 2.1
3the existence of a cross section forces the stabilizers to be discrete.
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Proposition 2.5. In the notations of Definition 2.4, for any measurable subset T ⊂ G × Y we have
thatΨ(T) is measurable and ifΨ
∣∣∣
T
is injective, then covol(Y)µ(Ψ(T)) = λ × ν(T).
Proof. Let T ⊂ G × Y be a measurable subset and let {1 j} j∈N be a dense subset of G. Since
{1−1j U × Y} j covers T we can find measurable subsets T j ⊂ 1
−1
j U × Y in such a way {T j} j is a
partition of a conull subset of T \U × Y. HenceΨ(T j) = 1−1j Ψ(1 jT j) is measurable and
µ(Ψ(T j)) = µ(Ψ(1 jT j)) = covol(Y)−1λ × ν(1 jT j) = covol(Y)−1λ × ν(T j). 
Proposition 2.6. In the notations of Definition 2.4, there exists a measurable subset T ⊂ G×Y such
that T ⊃ U × Y and such that the map Ψ : (T, λ × ν
∣∣∣
T
) → (X, covol(Y)µ) is a measure preserving
isomorphism.
Proof. Let {1 j} j≥1 be a countable dense subset ofG and set 10 := 1G. SetT0 := U×Y. Inductively
defineT j := T j−1∪Ψ
∣∣∣−1
1 jU×Y
(Ψ(1 jU×Y)\Ψ(T j−1)) and observe thatT := ∪T j satisfy the required
conditions. 
Proposition 2.7. In the notations of Definition 2.4, there exists a measurable4 equivalence relation
RY on Y such that for almost every y, y′ ∈ Y we have that (y, y′) ∈ RY if and only if there exists 1 ∈ G
such that 1Ψ(1G, y) = Ψ(1G, y′).
In the following we will call the equivalence relation RY the cross equivalence relation.
Proof. Consider a countable sequence of elements {1 j} j ⊂ G and neighborhoods of the identity
V j ⊂ G such that 1 jV j1−1j V j∪ 1
−1
j V
−1
j 1 j ⊂ U and such that ∪ jV
−1
j 1 j = G. For each j ∈Nwe set
D j :=
{
y ∈ Y : Ψ(1 j, y) ∈ Ψ(V j × Y)
}
.
Observe that sinceΨ
∣∣∣
U×Y
is injective, for every y ∈ D j there exist unique v ∈ V j and y′ ∈ Y
such thatΨ(1 j, y) = Ψ(v, y′). Let us define ϕ j : D j → Y by the formulaΨ(1 j, y) = Ψ(v, ϕ j(y)).
We claim that ϕ j is injective. Indeed if ϕ j(y1) = ϕ j(y2), then v−11 Ψ(1 j, y1) = v
−1
2
Ψ(1 j, y2) and
henceΨ(1−1j v
−1
1
1 j, y1) = Ψ(1−1j v
−1
2
1 j, y2). By hypothesis 1−1j V
−1
j 1 j ⊂ U andΨ
∣∣∣
U×Y
is injective,
so y1 = y2 as claimed. Moreover since Ψ(1 jv, y) = 1 jv1−1j Ψ(1 j, y) = 1 jv1
−1
j Ψ(v
′, ϕ j(y)), the
hypothesis 1 jV j1−1j V j ⊂ U implies that
1 jΨ(V j × {y}) = Ψ(1 jV j1−1j v
′ × {ϕ j(y)}) ⊂ Ψ(U × Y)
for some v′ ∈ V j. That is we showed that 1 j : Ψ(V j × D j) → 1 jΨ(V j × D j) is a measurable
isomorphismwhichmaps “vertical lines to vertical lines”. Thereforeϕ j is measurable and its
domainD j is measurable. Since G is unimodular λ(1 jV j1−1j v
′) = λ(V j) and since the action of
G preserves the measure an easy application of Fubini yields that ϕ j is measure preserving.
4in the sense of Section 2.1 of [CGS18].
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Finally if ϕ j(y) = y′, then by constructionΨ(1 j, y) = Ψ(v, y′) henceΨ(v−11 j, y) = Ψ(1G, y′)
and therefore the equivalence relation generated by the partial automorphisms {ϕ j} j satisfies
the required conditions. 
Remark 2.8. If 1 ∈ G and V is a subset of U such that 1V1−1V ∪ 1−1V−11 ⊂ U, we can define
ϕ1 and D1 as in the above proposition. The partial automorphism ϕ1 is piecewise equal to
the previously constructed ϕ j.
Proposition 2.9. In the notations of Definition 2.4, assume that the action of G is free. Then the
cross equivalence relation RY on Y constructed in the Proposition 2.7 satisfies:
• (RY, ν) is ergodic if and only if the action of G is ergodic,
• (RY, ν) has infinite orbits almost everywhere if and only if G is non-compact.
The proof is similar to the proof of Proposition 2.3 and therefore it is omitted. Suppose
now that the l.c.s.c. group G acts on the standard probability space (X, µ) and let A ⊂ X be a
Borel subset. For every open neighborhood of the identity U ⊂ G we define the Borel subset
Int
U
(A) as the set of the x ∈ X such that for almost every 1 ∈ U we have 1x ∈ A, that is
Int
U
(A) :=
{
x ∈ X : λ({1 ∈ U : 1x ∈ A}) = λ(U)
}
.
Proposition 2.10. Let G be a l.c.s.c. unimodular group, fix a Haar measure λ and a neighborhood
of the identity U. Consider a Borel action of G on the standard probability space (X, µ) and let
(Y,Ψ) be an external U-cross section. Then there exists a full measure subset Y0 ⊂ Y such that
Z := Ψ({1G}×Y0) ⊂ X is a Borel U-cross section. Moreover the equivalence relation on Y constructed
in Proposition 2.7 is orbit equivalent viaΨ to the one on Z of Proposition 2.3.
Proof. Let Wi be compact neighborhoods of the identity such that Wi ⊂ U and ∩iWi = {1}.
Consider the measurable subsets Ai := Ψ(Wi × Y) ⊂ X and take a Borel subset A′i ⊂ Ai such
that µ(Ai \ A′i ) = 0. Consider the Borel sets Zi := Int
Wi
(A′i ). Set Z := ∩iZi and observe that
Ψ−1(Z) ∩ (U × Y) ⊂ 1G × Y. The moreover part follows easily from Proposition 2.7. 
2.1. Cross sections and standard factors. The following proposition is a slightly more gen-
eral version of [Zim84, Proposition B.5]. Wewill not present the proof of it since it is basically
the same as the case of standard Borel spaces.
Proposition 2.11. Let G be a l.c.s.c. group. Suppose that G acts on the probability space (X,BX, µ)
preserving the measure, continuously and measurably. Assume furthermore that G acts on the
standard Borel space (Z, η) preserving the measure and in a Borel manner. Let T : X → Z be an
almost everywhere surjective measurable and measure preserving map such that for every 1 ∈ G and
almost every x ∈ X we have that T(1x) = 1T(x). Then there exist a co-null subset Z0 ⊂ Z and a
measure preserving surjective map T′ : X → Z0 which is G-equivariant and is almost everywhere
equal to T.
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Combining the above proposition with a well known theorem of Mackey, [Mac62], we get
the following.
Proposition 2.12. Let G be a l.c.s.c. group which acts continuously andmeasurably on the probability
space (X,BX, µ) and let B′X ⊂ BX be a G-invariant separable sub-σ-algebra. Then there exist a Borel
action of G on a standard probability space (Z,BZ, ν) and a measure preserving, G-equivariant map
T : X → Z0 which induces an isomorphism of measure algebras between (X,B′X, µ) and (Z,BZ, ν).
Proof. Let {Bi}i∈N be a countable generating set for B′X. Define T : X → {0, 1}
N by T(x) =
(χBi(x))i. Then the pre-image of every Borel set of Z := {0, 1}
N is in B′X. We define a measure
η onZ by pushing down themeasure µ. Mackey’s theorem, [Mac62], implies that there exists
a Borel, measure preserving action ofG on Zwhich represent the action ofG on (the measure
algebra of) (X,B′X, µ). The measurable map T is not necessarily G-invariant but if 1 ∈ G,
then (T1)−1 and (1T)−1 represent the same function at the level of measure algebras so that T
satisfies the hypothesis of Proposition 2.11. 
LetG be a l.c.s.c. unimodular groupwhich acts continuously on the (complete) probability
space (X,BX, µ) and let (Y,Ψ) be an external U-cross section, for some neighborhood of the
identity U ⊂ G. We let BcsX be the separable G-invariant σ-algebra generated byΨ(A ×Y) for
A ⊂ Gmeasurable.
Proposition 2.13. Let G be a l.c.s.c. unimodular group which acts continuously on the probability
space (X,BX, µ), let (Y,Ψ) be an external cross section. Consider a G-invariant separable sub-σ-
algebra BcsX ⊂ B
′
X ⊂ BX. Then there are
• a Borel action of G on a standard probability space (Z,BZ, η),
• an almost everywhere surjective, measure preserving and G-equivariant map T : X → Z
which induces an isomorphism of measure algebras between (X,B′X, µ) and (Z,BZ, η),
• a Borel cross section W of Z,
such that there exists a conull subset Y0 ⊂ Y such that T(Ψ({1} × Y0)) ⊂ W is conull.
If we denote byRY andRW the cross equivalence relations for Y andW respectively, then T◦Ψ(1G, ·)
maps bijectively RY-classes to RW classes.
Proof. Since Ψ(G × Y) has full measure we can assume that X = Ψ(G × Y) and we construct
Z and T as in Proposition 2.12 so that the two first conditions are satisfied. For constructing
the cross section on Z we proceed as in Proposition 2.10. For every natural number i ≥ 1
let Ki ⊂ G be an open neighborhood of the identity such that ∩iKi = {1}. Since B′X contains
B
cs
X for every i there exists a Borel subset Fi ⊂ Z such that µ(T
−1(Fi)∆Ψ(Ki × Y)) = 0 and set
Ei := T−1(Fi), W := ∩iInt
Ki
(Fi) and W˜ := ∩iInt
Ki
(Ei). Observe that T−1(Int
Ki
(Fi)) = Int
Ki
(Ei).
MoreoverKiInt
Ki
(Fi) is (analytic andhence)measurable thereforeT−1(KiInt
Ki
(Fi)) = KiInt
Ki
(Ei)
is measurable.
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We claim that there exists Y0 ⊂ Y such that Ψ(G × Y0) has measure 1 and such that
W˜∩Ψ(G×Y0) = Ψ({1G}×Y0). By Proposition 2.6 we can fix a subset S ⊂ G×Ywhich contains
U×Y such thatΨ induces a bijective isomorphismΨ
∣∣∣
S
betweenS andX. Consider the setAi :=
Ψ
∣∣∣−1
S
(
KiInt
Ki
(Ei)
)
and put Bi :=
{
y ∈ Y : ∃1 ∈ G \ Ki such that (1, y) ∈ Ai
}
. Observe that Fubini
and the fact that Ki is open imply that Bi has measure 0. Moreover since µ(Ei∆Ψ(Ki ×Y)) = 0
Fubini easily implies that there exists Y′i ⊂ Y such that Ai ⊃ Ki ×Y
′
i and Y \Y
′
i has measure 0.
Set Yi := Y′i \Bi and Y0 := ∩iYi. Then Y \Y0 is a null set and it satisfy the required hypothesis.
Set C := G(((U \ {1G})W) ∩W). Remark that T−1(C) = G(((U \ {1G})W˜) ∩ W˜). By the claim
above it is a null set and therefore C has measure 0. ThenW′ :=W \ C is a cross section that
satisfies the required assumptions with the exception that in general is only analytic and not
Borel. However this can be easily fixed by showing that W′ contains a Borel cross section
which still satisfies all the required properties.
It is easy to see that if we push forward themeasure ν from Y toW′, we obtain themeasure
prescribed in Proposition 2.3 and therefore T ◦ Ψ(1G, ·) defines measure preserving map.
Since T is G-equivariant we obtain that T ◦Ψ(1G, ·) maps RY-classes to RW′ classes. 
2.2. Ultraproducts of cross sections. We will now state the main technical theorem of this
work: the ultraproduct of cross sections is a cross section of the ultraproduct.
Theorem 2.14. Let G be a l.c.s.c. unimodular group, fix an open neighborhood of the identity U′ ⊂ G
and a Haar measure λ. Suppose that G acts on the sequence of standard probability spaces (Xn, µn)
and assume that for every n there exists a U′-cross section Yn ⊂ Xn such that {covol(Yn)−1}n is
bounded. Take a compact neighborhood of the identity U ⊂ U′. Consider the function
Ψ : G × Yu → XRu Ψ(1, [yn]u) := [Φn(1, yn)]
R
u .
Then (Yu,Ψ) is an external U-cross section of the action of G on the G-invariant measurable subset
G[Φn(U × Yn)]Ru ⊂ X
R
u .
Let us observe that G[Φn(U ×Yn)]Ru ⊂ X
R
u is measurable. First since U ⊂ U
′ is compact it is
not hard to show that the sequence {Φn(U × Yn)}n is regular. Now take a sequence of open,
bounded subsets Ui ⊂ G such that the sequence {UiΦn(U × Yn)}n is regular and ∪iUi = G.
Then by Lemma 1.13 we have ∪i[UiΦn(U × Yn)]Ru = ∪iUi[Φn(U × Yn)]
R
u = G[Φn(U × Yn)]
R
u .
Furthermore remark that µn(Φn(U × Yn)) = λ(U)/ covol(Yn) and therefore the assumptions
implies thatG[Φn(U×Yn)]Ru has positive measure. However it is possible thatG[Φn(U×Yn)]
R
u
has measure strictly less than 1 and hence (Yu,Ψ) it is not always an external cross section of
XRu .
For every n ∈ N the Borel subset Yn ⊂ Xn is a U-cross section and we let Rn be the
cross equivalence relation on Yn constructed in Proposition 2.7. Theorem 2.14 tells us that
the ultraproduct Yu is an external cross section of XRu and we will denote by Ru the cross
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equivalence relation on Yu. We will now prove that Ru is the ultraproduct of the sequence
Rn with respect to a preferred sequence of graphings, in the sense of Section 2.7 of [CGS18].
5.
Definition 2.15. Consider a continuous, measurable and measure preserving action of the
l.c.s.c. group G on the probability space (X, µ), let (Y,Ψ) be an external U-cross section for
some U ⊂ G and let RY be the cross equivalence relation on Y. Given a symmetric subset
K ⊂ G which contains U we define the K-graphing ΘK of RY to be the graphing consisting
of the couples (y, y′) ∈ RY such that y′ ∈ Ky. This graphing can also be described with the
partial automorphisms described in Proposition 2.7 and Remark 2.8. Indeed there are finitely
many elements 1 j of G and neighborhoods of the identity V j ⊂ U for which the associated
partial isomorphism ϕ j are well defined and ∪ jV−1j 1 j = K.
We will denote by RKY the equivalence relation generated by the graphing Θ
K and we will
say that the cross section (Y,Ψ) is K-generated if RKY and RY agree outside a set of measure
zero.
We say that a cross equivalence relation is compactly generated if it is K-generated for
some compact subsetK ⊂ G. We also say that the cross sectionY is cocompact if there exists a
compact subset K′ ⊂ G such that µ(Ψ(K′ ×Y)) = 1. Cross equivalence relations of cocompact
cross sections are always compactly generated, see Lemma 2.17.
Theorem 2.16. Let G be a compactly generated l.c.s.c. unimodular group, fix an open neighborhood
of the identity U′ ⊂ G and a Haar measure λ. Suppose that G acts on the standard probability
spaces (Xn, µn) preserving the measure and assume that for every n there exists a U′-cross section
Yn ⊂ Xn such that {covol(Yn)−1}n is bounded. Take compact neighborhoods of the identity U ⊂ U′
and U ⊂ K′ ⊂ G. Assume that limu µn(K′Yn) = 1. Then there exists a compact subset K′ ⊂ K ⊂ G
such that
• the cross equivalence relation Ru is K-generated,
• the ultraproduct of the sequence of graphed equivalence relations (RKn ,Θ
K
n ) is (Ru,Θ
K
u ).
2.3. Proof of theorems 2.14 and 2.16. We start by proving Theorem 2.14. In the proof
we will set ΨU := Ψ
∣∣∣
U×Yu
and Φn,U := Φ
∣∣∣
U×Yn
. Take u, u′ ∈ U and [yn]u, [y′n]u ∈ Yu. If
Ψ(u, [yn]u) = Ψ(u′, [yn]′u), then [Φn(u, yn)]
R
u = [Φn(u
′, y′n)]
R
u which means that there exists a
sequence 1n such that limu 1n = 1G and 1nΦ(u, yn) = Φn(u′, y′n). For u-almost every nwe have
that 1nu ∈ U′ and since Yn is a cross section we get that 1nu = u′ and yn = y′n for u-almost
every n and therefore u = u′. HenceΨU is injective.
We will now prove that ΨU is a measurable isomorphism with its image. If B ⊂ U′ is a
compact subset and [Cn]u ⊂ Yu is ameasurable subset, then {Φn(B×Cn)}n is regular. Indeed let
us fix ε > 0. Then there exists a neighborhood of the identityV ⊂ G such that λ(VB) ≤ λ(B)+ε
5A graphing for us will be a countable set of measurable and measure preserving partially defined bijections of
the probability space whose graphs are contained in the equivalence relation, see [CGS18] for more details in the
context of general measure spaces.
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and such thatVB ⊂ U′. Put c := limu covol(Yn)−1 ∈ R\ {0}. For u-almost every nwe have that
µn(VΦn(B × Cn)) = covol(Yn)−1λ(VB)νn(Cn) ≤ covol(Yn)λ(B)νn(Cn) + (3c/2)ε. In particular
since {Φn({1G} × Cn)}n is regular Lemma 1.13 tells us that
Ψ(B × [Cn]u) = BΨ({1G} × [Cn]u) = B[Φn({1G} × Cn)]Ru = [Φn(B × Cn)]
R
u .
Since the subset of the form B × [Cn]u generated the measure algebra of U × Yu the above
computation implies that for every measurable subset Au ⊂ U × Yu we have that Ψ(Au) is
measurable and µu(Ψ(Au)) = cλ× νu(Au). So in order to conclude the proof we have to show
that the for every DRu ⊂ Ψ(U × Yu) we have thatΨ
−1
U (D
R
u ) is measurable.
As a first step let us assume that DRu = [Dn]
R
u is regular. Consider En := Φ
−1
n,U(Dn) and for
every yn ∈ Yn set E
yn
n := {1 ∈ U : (1, yn) ∈ En}. By Lemma 1.11, 1.13 and 1.14 we can assume
that Eynn is compact for every n and yn ∈ Yn. Since the Hausdorff topology on the compact
subsets ofU is compact for every [yn]u ∈ Yu the sequence E
yn
n converges along the ultrafilter u
to a compact subset E[yn]uu ⊂ U. Put Eu := ∪[yn]u∈YuE
[yn]u
u . We claim thatΨ
−1
U (D
R
u ) = Eu. Indeed
Ψ(1, [yn]u) = [Φn(1, yn)]Ru and hence Ψ(1, [yn]u) ∈ D
R
u if and only if there exists a sequence
1n such that limu 1n = 1G and for u-almost every n we have that (1n1, yn) ∈ En. Therefore
1n1 ∈ E
yn
n and the limit limu 1n1 ∈ E
[yn]u
n . Let us show now that Eu is measurable. For this
take for every j ∈ N a compact neighborhood of the identity W j such that ∩ jW j = {1G}. For
K,K′ ⊂ U we set N(K,K′) to be the biggest j such that W jK ⊃ K′ and W jK′ ⊃ K (and set
N(K,K′) to be 0 if no such j exists). By compactness of the Hausdorff topology for every
j there are compact subsets K1j , . . . ,K
m j
j of U such that for every compact subset K of U
we have that there exists i satisfying N(K,Kij) ≥ j. Set C
j,1
n := {yn ∈ Yn : N(E
yn
n ,K
1
j ) ≥ j}
and recursively C j,in := {yn ∈ Yn N(E
yn
n ,K
i
j) ≥ j} \ ∪h<iC
j,h
n . Consider the measurable subset
F ju := ∪
m j
i=1W jK
i
j × [C
j,i
n ]u ⊂ U × Yu. Clearly F
j
u ⊃ Eu. Observe also that W
2
jE
[yn]u
u ⊃ W jK
i
j
whenever [yn]u ∈ [C
j,i
n ]u and therefore W
2
jEu ⊃ F
j
u. Lemma 1.11 implies that ∩ jW
2
jD
R
u = D
R
u
and hence
Eu = Ψ−1(DRu ) = ∩ jW
2
jΨ
−1(DRu ) ⊃ ∩ jF
j
u ⊃ Eu.
Therefore for every regular subset DRu we have that Ψ
−1
U (D
R
u ) is measurable. Let now
DRu ⊂ ΨU(U×Yu) be any measurable subset. By Proposition 1.15 there are subsetsA
R
u and B
R
u
such thatARu ⊂ D
R
u ,B
R
u∩D
R
u = ∅,µu(ΨU(U×Yu)\(A
R
u∪B
R
u )) = 0 and such that bothA
R
u andB
R
u are
increasing union of regular subsets. Observe now thatΨ−1U (A
R
u ) andΨ
−1
U (B
R
u ) are measurable
and that µu(ARu ) = cλ× νu(Ψ
−1
U (A
R
u )) and similarly for B
R
u . HenceU×Yu \ (Ψ
−1
U (A
R
u )∪Ψ
−1
U (B
R
u ))
is a null set and since the productmeasure is completeΨU is a measurable map and therefore
a measurable, measure preserving isomorphism.
Before proceeding with the proof of Theorem 2.16 we will prove the following lemma
which is essentially Proposition 4.6 of [KPV15].
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Lemma 2.17. Assume that the l.c.s.c. group G is compactly generated. Consider a p.m.p. action of
G on (X, µ) and let (Y,Ψ) be an external cross section. If Ψ(K × Y) ⊂ X has full measure for some
compact subset K ⊂ G, then there are compact subsets K′,K′′ ⊃ K such that
• Ψ(K′ × Y) contains a full measure G-invariant subset,
• K′′ ⊃ K′ such that the cross equivalence relation RY is K′′-generated.
Proof. Let V ⊂ G be a symmetric compact neighborhood of the identity and set K′ := VK.
ConsiderA := X\Ψ(K′×Y). ThenVA ⊂ X\Ψ(K×Y) and thereforeVA is a null set and hence
GA is. Therefore we can set Y′ := Ψ−1(GA) ∩ {1} × Y so that Y′ ⊂ Y is conull and Ψ(K′ × Y′)
has full measure in X and is G-invariant.
The second point can now be proven exactly as in Proposition 4.6 of [KPV15], therefore
we only sketch it. Let C ⊂ G be a compact generating subset such that C = C−1 and set
K′′ := (K′)−1CK′. Consider 1 ∈ G and y ∈ Y′ such that Ψ(1, y) ∈ Ψ({1G} × Y). Since C is
generating, there are 11, . . . , 1l ∈ C such that 1 = 1l . . . 11. SinceΨ(1i . . . 11, y) ∈ Ψ(K′×Y) there
are elements ki ∈ K′ such thatΨ(k−1i 1i . . . 11, y) ∈ Ψ({1G} ×Y). Therefore we can set h0 = k
−1
1
11
and hi = k−1i 1iki−1 for 1 < i < l and hl := 1lkl−1. Then hi ∈ K
′′ for every i and hl . . . h1 = 1. 
Let us nowprove Theorem2.16. By the above lemmawe can assume thatRu isK-generated.
Fix a compatible right invariant metric dG on G. Consider a finite subset {1 j} j ⊂ G, a real
number δ > 0 and compact neighborhoods of the identity {W j} j such that 1BδW j1−1BδW j ∪
1−1(BδW j)−11 ⊂ U as in (the proof of) Proposition 2.7 and such that ∪ jW−1j 1 j ⊃ K. For r ≤ δ
we set
E j,ru :=
{
[yn]u ∈ Yu : Ψ(1 j, [yn]u) ∈ Ψ(BrW j × Yu)
}
,
D j,rn :=
{
yn ∈ Yn : Φn(1 j, yn) ∈ Φn(BrW j × Yn)
}
and observe that for every 0 < r < r′ < δwe have
[D j,rn ]u ⊂ E
j,r
u ⊂ [D
j,r′
n ]u ⊂ E
j,r′
u .
We now proceed as in the proof of Lemma 1.14. The function f : r 7→ νu(E
j,r
u ) is monotone
increasing and therefore there exists a 0 < r j < δ such that f is continuous at r j. The above
equation implies that µRu ([D
j,r j
n ]u∆E
j,r j
u ) = 0.
Since K′ := ∪ j(Br jW j)
−11 j ⊃ K the equivalence relation Ru is K′-generated. Let us denote
by ϕ
j
n the partial isomorphism defined in Proposition 2.7 for Yn and ψ
j for Yu associated
with Br jW. Let ϕ
j
u := [ϕ
j
n]u the partial isomorphism defined on [D
j,r j
n ]u by the formula
ϕ
j
u([yn]u) = [ϕ
j
n(yn)]u. We claim that ϕ
j
u = ψ
j up to a null set. If yn ∈ D
j,r j
n , then
Ψ(1 j, [yn]u) = [Φn(1 j, yn)]Ru = [Φn(vn, ϕ
j
n(yn))]
R
u
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for some sequence vn ∈ Br jV j. Set v := limu vn and observe that [Φn(vn, ϕ
j
n(yn))]
R
u =
[Φn(v, ϕ
j
n(yn))]
R
u . Therefore
Ψ(1 j, [yn]u) = Ψ(v, [ϕ
j
n(yn)]u) = Ψ(v, ϕ
j
u([yn]n)),
and by injectivity we get that ψ j = ϕ
j
u on E
j,r j
u ∩ [D
j,r j
n ]
R
u which is conull in E
j,r j
u as claimed.
Therefore (Ru,Θ
K′
u ) is the ultraproduct of the graphed equivalence relations (Rn,Θ
K′
n ) in the
sense of Section 2.7 of [CGS18].
3. Rank and cost
The cost of a measure preserving action of a countable group and more generally of a
p.m.p. equivalence relation (with countable orbits) was defined by Levitt in [Lev95] and
widely studied in [Gab00], see also [AP18] or [CGS18] for a discussion in the context of
general probability spaces. Let us recall the definition. Let R be a measure preserving
equivalence relation on the probability space (X, µ). As we have already recalled a graphing
of R is a countable set of measure preserving partially defined bijections of the probability
space whose graphs are contained in R and we define the cost of the graphing to be the sum of
the measures of the domains of the partially defined bijections. A graphing of R is generating
if the smallest equivalence relation containing the graphing is (up to a null set) R itself. The
cost of the equivalence relation R is the infimum of the costs of all generating graphings of R.
In our work we will also need the notion of cost for measure preserving actions of uni-
modular locally compact groups. Observe however, as for the ℓ2-Betti numbers [Pet13], that
this definition depends on a choice of a Haar measure on the group and it is not an invariant
of orbit equivalence, see Theorem 1.20 of [CLM18].
Definition 3.1. Assume that the l.c.s.c. group G acts on the standard probability space (X, µ)
and fix a cross section Y ⊂ X and denote by RY the cross equivalence relation. We set
Cost(Gy X) := 1 +
Cost(RY) − 1
covol(Y)
.
Observe that if Y and Y′ are cross sections, then RY and RY′ are strongly orbit equivalent
with compression factor covol(Y)/ covol(Y′), see [KPV15, Proposition 4.3], and therefore the
cost of G is well defined. As for countable groups we define the cost of the group to be
the infimum of the cost of all of its free p.m.p. actions Cost(G) := infGyX Cost(Gy X) with
respect to a fixed Haar measure. The fixed price problem can also be posed in the context of
l.c.s.c. groups: does it exist a l.c.s.c. unimodular groupG equippedwith a fixedHaarmeasure
λ and two free actions ofGwhich donot have the same cost? As an example amenable groups
have fixed price 1 (which does not depend on the measure) since every cross equivalence
relation is amenable, [KPV15, Proposition 4.3]. It has also been announced that SL2(R) has
also fixed price. It is unknown whether SLn(R) has fixed price 1 for n ≥ 3 and even whether
for any l.c.s.c. group G the group Z × G has fixed price 1.
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Finally remark that Proposition 2.13 (see also Theorem 3.28 of [CGS18]) imply that such a
definition of cost is also well defined for actions on arbitrary spaces as soon as the admit a
cross section.
Definition 3.2. Let G be a l.c.s.c. compactly generated group. Suppose that G acts on the
probability measure space (X, µ) preserving the measure and letU ⊂ G be a neighborhood of
the identity. We set (X)U := {x ∈ X : 1x , x ∀1 ∈ U}. Clearly if the action is free (X)U = X for
every U. We say that the action is U-thick if (X)U = X up to a null set.
Definition 3.3. LetGbe a l.c.s.c. compactly generatedgroup. We say that a sequence of actions
on the probability spaces {(Xn, µn)}n is u-Farber if for every neighborhood of the identity
limu µn((Xn)U) = 1 and the sequence is called Farber if it is u-Farber for every ultrafilter.
Observe that Lemma 1.10 implies that if {(Xn, µn)}n is Farber, then the action of G on [Xn]Ru
is essentially free.
3.1. Lattices. As always we will say that a discrete subgroup Γ of a locally compact group
G is a lattice if the quotient G/Γ has finite Haar measure and we will denote this measure by
covol(Γ). Let G be a l.c.s.c. group with Haar measure λ, let {Γn}n be a sequence of lattices of
G and let Dn ⊂ G be a fundamental domain for Γn.
Definition 3.4. We say that the sequence {Γn}n is (u-)Farber or almost everywhere thick if the
associated sequence of actions of G on G/Γn is (u-)Farber. Equivalently {Γn}n is Farber if and
only if for every neighborhood of the identity U ⊂ G
lim
u
λ
({
1 ∈ G/Γn : 1Γn1−1 ∩U = {1}
})
covol(Γn)
= 1.
Remark that if a sequence is u-Farber, then limu covol(Γn) = ∞.
Similarly we say that a lattice is U-thick if (G/Γ)U = G/Γ. Clearly every cocompact lattice
is U-thick for some U and non cocompact lattices are neverU-thick for any U. We say that a
sequence of lattices {Γn}n is nowhere thin (sometime called uniformly discrete) if there exists a
neighborhood of the identity U such that for every n ∈N the lattice Γn is U-thick.
Let Γ < G be a lattice. A U-cross section for the action of G on the coset space G/Γ is a
U-separated subset Y of (G/Γ)U ⊂ G/Γ, that is a finite subset of (G/Γ)U such that for every
y , y′ ∈ Y we have that Uy ∩ Uy′ = ∅. Observe that if Y ⊂ G/Γ is a cross section, then
covol(Y) = covol(Γ)/|Y|.
Wewill say that aU-cross section Y ofG/Γ is maximal if it has maximal cardinality (which
is always bounded by covol(Γ)/λ(U)).
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Lemma 3.5. Let G be a l.c.s.c. group, let {Γn}n be a u-Farber sequence of lattices and let U ⊂ G be a
neighborhood of the identity. For every n ∈N let Yn ⊂ G/Γn be a maximal U-cross section. Then
lim
u
λ(U−1UYn)
covol(Γn)
= 1.
Proof. Weknow that λ((G/Γn)U)/ covol(Γn) tends to 1. Let nowYn ⊂ Xn be amaximalU-cross
section. Observe that Ux ∩UYn , ∅ if and only if x ∈ U−1UYn and therefore the maximality
of Yn implies that U−1UYn ⊃ (G/Γn)U. 
3.2. Cost and rank gradient. For a countable group Γ we will denote by d(Γ) the minimal
number of elements of Γwhich are needed to generate it.
Proposition 3.6. Let G be a l.c.s.c. group G with fixed Haar measure λ and let Γ < G be a lattice.
Then Cost(G) ≤ 1 + (d(Γ) − 1)/ covol(Γ).
Proof. Consider a free p.m.p. action ofΓ on (Y, ν) and induce it to an action ofGonX := Y×G/Γ,
see [Zim84, Definition 4.2.21]. Then Y ⊂ X is a cross section of covolume covol(Y) = covol(Γ)
and therefore
Cost(Gy X) = 1 +
Cost(Γy Y) − 1
covol(Y)
≤ 1 +
d(Γ) − 1
covol(Γ)
.
The following theorem is an analogue for locally compact groups of [AN12], [AT17] and
[CGS18].
Theorem 3.7. Let G be a l.c.s.c. group. Let {Γn}n be a nowhere thin Farber sequence of lattices of G.
Then
Cost
(
Gy [G/Γn]Ru
)
≥ 1 + lim
u
d(Γn) − 1
covol(Γn)
≥ Cost(G).
The second inequality follows from Proposition 3.6 and hence if the group G has fixed
price the above inequalities are equalities.
We will prove a stronger version of the theorem and for doing so we will need some
notation. Let G be a l.c.s.c. group, let Γ be a lattice and let U ⊂ G be a neighborhood of the
identity. Fix aU-cross sectionY ofG/Γ. Let us nowdefine the cross groupoidGY associated to
the cross section. The set of units ofGY consists onY and the elements ofGY are couples (1, y)
where 1 ∈ G, y ∈ Y such that 1y ∈ Y. Clearly it is a transitive groupoid and the stabilizers
are conjugated to Γ. Fix a compact subset U ⊂ K ⊂ G. We define a graphing ΘK exactly as
in Definition 2.15, ΘK consists on the set of elements (1, y) such that 1 ∈ K, y ∈ Y and 1y ∈ Y.
The graphing is bounded6 by some constant which only depends onU and K but not the size
of Y. We will denote by GKY the groupoid generated by Θ
K, by RK the associated equivalence
relation and by ΓK < Γ the stabilizer of the identity.
Denote by π : G → G/Γ the projection map and let Y˜ := π−1(Y). The following lemma is
straightforward.
6that is there exists a constant D such that for every y ∈ Y there are at mostD elements 1 ∈ G such that (1, y) is in
the graphing.
ASYMPTOTIC INVARIANTS OF LATTICES IN LOCALLY COMPACT GROUPS 25
Lemma 3.8. An element γ ∈ Γ is in ΓK if and only if there are elements y˜1, . . . , y˜h ∈ Y˜ such that
y˜1 = 1G, y˜h = γ and y˜i+1 ∈ Ky˜i for every i ≤ h − 1. In particular if K0Y˜ = G, then for every
K ⊃ K−1
0
K0 we have that ΓK = Γ and GKY = GY. If Γ is U-thick and K ⊃ U
−1U, then GK = G.
The following theorem is a strengthening of Theorem 3.7.
Theorem 3.9. Let G be a l.c.s.c. compactly generated group. Let {Γn}n be a Farber sequence of lattices
of G and let U ⊂ G be a neighborhood of the identity. For every n fix a maximal U-cross section
Yn ⊂ G/Γn. Consider a compact subset U ⊂ K′ ⊂ G. Then there exists K ⊃ K′ such that
Cost
(
Gy [G/Γn]Ru
)
≥ 1 + lim
u
d(ΓKn ) − 1
covol(Γn)
.
Proof. Denote by µn the renormalized Haar measure onG/Γn. The groupG acts continuously
on [G/Γn]Ru and by Theorem 2.14 we have that Yu is an external cross section. Moreover we
can also choose K ⊃ K′ as in Theorem 2.16 to obtain that the cross equivalence relation Ru is
the ultraproduct of the graphed equivalence relations (RKn ,Θ
K
n ). Since the sequence is Farber
the action on [G/Γn]u is free and hence Ru is also the ultraproduct of the sequence (GKn ,Θ
K
n ).
We can therefore apply Theorem 3.13 of [CGS18] to obtain that Cost(Ru) ≥ 1 + limu
d(ΓKn )−1
|Yn |
.
Observe that covol(Yn) = covol(Γn)/|Yn| whence we get
Cost
(
Gy [G/Γn]Ru
)
= 1 + lim
u
d(ΓKn ) − 1
|Yn|
lim
u
|Yn|
covol(Γn)
= 1 + lim
u
d(ΓKn ) − 1
covol(Γn)
. 
Wewould like now to identify the subgroup ΓK < Γ in the case of quasi connected groups.
Remember that a l.c.s.c. group is quasi connected if one of its quotient by a compact subgroup
is connected. In this case we also have that there exists a unique up to conjugacy maximal
compact subgroup K0 < G and that K0\G is contractible, see [Glu60, Theorem 8] and [Abe75,
Theorem A.5]. PutM := K0\G. We will denote by ρ the quotient map from G toM and by ρΓ
the quotient map from G/Γ toM/Γ where Γ < G is any lattice.
If Γ is a torsion-free lattice of G, then the fundamental group of M/Γ is Γ itself. The
isomorphism is given as follows. Any loop (whose start point is the class of the identity) in
M/Γ can lifted to a path inM which starts at the class of the identity and ends at the class of
an element of Γ. The isomorphism maps the loop to this element.
Proposition 3.10. Let G be a quasi connected l.c.s.c. unimodular group. Let Γ < G be a torsion
free lattice, let U ⊂ K ⊂ G be neighborhoods of the identity such that K0U = U, U = U−1, ρ(U2)
contractible and K ⊃ U4 compact. Let Y ⊂ (G/Γ)U2 be a U-cross section and assume that 1G ∈ Y.
Then ΓK contains the image of π1(ρΓ(YU2), 1G) inside π1(M/Γ, 1G) = Γ through the map induced by
the inclusion ρΓ(YU2) ֒→M/Γ.
Proof. Consider a loop ℓ in ρΓ(YU2). Since ρ(U2) is contractible and Y ⊂ (G/Γ)U2 we have that
ρΓ(yU2) is contractible for every y ∈ Y. Observe also that ρΓ restricted to Y and ρ restricted to
Y˜ := π−1(Y) ⊂ G are injective. By compactness there are finitelyρΓ(y1), . . . , ρΓ(yh) ∈ ρΓ(Y) such
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that ρΓ(y1) = ρΓ(yn) = 1G and ℓ is contained in ∪iρΓ(yi)U2 and ρΓ(yi+1) ∈ U4ρΓ(yi). Consider
a lifting p of ℓ insideMwhose starting point is the identity. Then there are ρ(y˜i) ∈ ρ(Y˜) which
lifts the elements ρΓ(yi) such that ρΓ(y˜1) = 1G and such that p is contained in ∪iρ(y˜i)U2 and
ρ(y˜i+1) ∈ U4ρ(y˜i). This implies also that y˜i+1 ∈ U4 y˜i. Finally observe that the image of ℓ seen
as an element of π1(ρ
Γ(YU2)) inside π1(M/Γ) = Γ is the element ρ(y˜h) ∈ Γ. Therefore we can
use Lemma 3.8 to complete the proof. 
Combining the above proposition, Theorem 3.9 and a result of Gelander [Gel04] we obtain
the following.
Theorem 3.11. Let G be a semisimple Lie group without compact factors and let {Γn}n be a Farber
sequence of torsion free lattices. Then
Cost
(
Gy [G/Γn]Ru
)
≥ 1 + lim
u
d(Γn) − 1
covol(Γn)
≥ Cost(G).
Proof. Gelander proved in Theorem1.5, Lemma 4.1, Proposition 4.8, Theorem 7.4 and Section
9 of [Gel04], that for every such a Lie group G there exists a neighborhood of the identity U
(which is just a ball of some radius) for which for every lattice Γ there exists Y ⊂ (G/Γ)U2 sat-
isfying that the map induced by the inclusion from π1(ρ
Γ(YU2)) to π1(M/Γ) = Γ is surjective.
Therefore given a Farber sequence {Γn}n of lattices we can find cross sections Yn for which
ΓKn = Γn for every n and hence Theorem 3.9 allows us to conclude the proof. 
4. ℓ2-Betti numbers
As in the last secion we will always assume that the l.c.s.c. group G is unimodular and
compactly generated. We say that an open cover of a topological space is a good cover if the
finite intersections of open sets of the cover are either empty or contractible. The nerve of
an open cover is the simplicial complex whose vertices are the elements of the open cover
and whose k-simplices corresponds to the intersection of k + 1 open sets. It is well known,
see for example Corollary 4G.3 of [Hat02], that the simplex obtained by a good cover of a
paracompact space is homotopic to the space itself.
Definition 4.1. Awell-coveredG-space is a topological spaceM onwhichG acts continuously
on the right and such that
• the action is uniformly proper, that is there is a compact subset A ⊂ G such that every
stabilizer Gp ⊂ G of any point p ∈M is conjugated to a subgroup contained in A;
• the action is cocompact, that is the quotientM/G is a compact and Hausdorff space;
• there exists a G-invariant good covering Omade of open and relatively compact sets;
• for every symmetric neighborhoodof the identityW there areO1, . . . ,Ok ∈ O satisfying
(∪iOi)G =M and whenever we have Oi11 ∩O j , ∅ and Oi12 ∩O j , ∅ for some i, j ≤ k
and 11, 12 ∈ G then 1−11 12 ∈WK for some compact subgroup K ⊂ A.
ASYMPTOTIC INVARIANTS OF LATTICES IN LOCALLY COMPACT GROUPS 27
Examples ofwell-coveredG-spaces are given by isometric actions onRiemannianmanifold
or simplicial actions on simplicial spaces. For a topological space Q we will denote by
bi(Q) the i-th Betti number, that is the dimension of the i-th homology group (with rational
coefficients). From now on we will also use the terminology introduced in Definition 3.4.
The main theorem of this section is the following.
Theorem 4.2. Let G be a l.c.s.c. compactly generated group and let M be a well-covered G-space. Let
{Γn}n be a Farber sequence of torsion free lattices of G. Then we have
βi(M) ≤ lim inf
n
bi(M/Γn)
covol(Γn)
,
and if the sequence {Γn} is nowhere thin, then
βi(M) = lim
n
bi(M/Γn)
covol(Γn)
.
By βi(M) we mean the i-th ℓ2-Betti number of M seen as a G space
7, that is the quantity
βi(M, Γ)/ covol(Γ) which is independent of the lattice Γ as soon as Γ is torsion free, see
Proposition 4.8 and Lemma 4.9.
A case of special interest is whenM is a contractible space. In this case we can recover the
ℓ2-Betti numbers of the group βi(G), see Corollary 4.11.
Theorem 4.3. Let G be a l.c.s.c. compactly generated group and let M be a contractible well-covered
G-space. Let {Γn}n be a Farber sequence of torsion free lattices of G. Then we have
βi(G) ≤ lim inf
n
bi(Γn)
covol(Γn)
,
and if the sequence {Γn} is nowhere thin, then
βi(G) = lim
n
bi(Γn)
covol(Γn)
.
Proof. SinceG is contractible Corollary 4.11 tells us that βi(M) = βi(G) and Lemma4.10 implies
that if Γn is torsion free, then it acts freely and properly discontinuously onM. 
Let us now give some examples.
Corollary 4.4. Let G be a l.c.s.c. unimodular group and let {Γn}n be a Farber sequence of cocompact
torsion free lattices of G. Assume that one of the following conditions holds.
• The group G is almost connected.
• The group G is totally disconnected and it acts cocompactly and properly on a contractible
simplicial complex.
• The quotient G/G0 satisfies the previous condition, where G0 < G denotes the connected
component of the identity
7It is unfortunate that in [Pet13] and [KPV15] the authors only worked with the ℓ2-Betti numbers of the group
itself and not of its actions. We will give a working definition inspired by [KPV15] in Proposition 4.8.
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Then
βi(G) ≤ lim inf
n
bi(Γn)
covol(Γn)
and if the sequence {Γn} is nowhere thin, then
βi(G) = lim
n
bi(Γn)
covol(Γn)
.
For stating the next theorem we will need the following notation: for an inclusion of
topological spaces P ⊂ Q we will denote by ∇i(P,Q) the dimension of the image of the map
induced by the inclusion at the level of homologies Hi(P)→ Hi(Q).
Let G be a Lie group, let us denote by K0 < G a maximal compact subgroup. Let us take a
Riemannian leftK0-invariant and rightG-invariant metric dG onG. SetM := K0\G and denote
by dM the metric induced by dG. Then clearly the action by translation of G on the right is
isometric. Moreover we have also that the balls of small radius are convex, see [dC92], and
henceM is naturally a well-covered G-space.
LetΓ < Gbe a lattice and ε a real positive number. Wedefine (M)Γε :=
{
p ∈M : dM(pγ, p) > ε
}
and we will set (M/Γ)ε := (M)Γε/Γ. We will prove the following theorem.
Theorem 4.5. Let G be a connected Lie group, let K0 be a maximal compact subgroup and consider
M := K0\G. Let {Γn}n be a Farber sequence of torsion free lattices of Γ. Then for every ε > 0 we have
that
βi(G) = lim
n
∇i((M/Γn)ε,M/Γn)
covol(Γn)
.
The theorem becomes extremely easy to understand whenever we have that (M/Γn)ε al-
ready contains all the homological information of the space, that is when∇i((M/Γn)ε,M/Γn) =
bi(M/Γn), or more generally whenM/Γn \ (M/Γn)ε has sublinear homologywith respect to the
covoulume. We do not knowwhether this phenomenon has already been studied. However
it some cases it is an immediate consequence of the thin-thick decomposition, [Thu97, Theo-
rem 4.5.6], work of Gromov, [BGS85] and the more recent work of Gelander, [Gel04]. In this
way we are able to get a result similar to Theorem 1.8 of [ABB+17] and a further announced
work by Abért, Bergeron, Biringer and Gelander.
Corollary 4.6. Assume that G is a connected semisimple Lie group and {Γn}n is a Farber sequence of
torsion free lattices of G.
• It always follows that
β1(G) = lim
n
b1(Γn)
covol(Γn)
.
• If G has higher rank and Γn is not cocompact for every n, then for every i
βi(G) = lim
n
bi(Γn)
covol(Γn)
.
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• If G has rank 1 and the associated symmetric space M := K0\G has dimension d ≥ 4, then for
every i , d − 1
βi(G) = lim
n
bi(Γn)
covol(Γn)
.
Proof. In all cases we have that ∇i((M/Γn)ε,M/Γn) = bi(M/Γn). The first two points follows
from the work of Gelander [Gel04] exactly as in the proof of Theorem 3.11. The third point
follows from the thin-thick decomposition, [Thu97, Theorem 4.5.6], and the Mayer-Vietoris
exact sequence. Indeed let us sketch the proof of it and for this let us fix such a lattice Γ of a
rank 1 Lie group. First note that the result is trivial for i = 0 or i ≥ d and for i = 1 it follows
from the first part. Since the cusps are just cones they carry no new homology. Let us fix now
a short geodesic which is in the thin part and denote by A a neighborhood of it and by B the
complement of a (smaller) neighborhood of the geodesic. Then (M/Γ) = A∪ B. Observe that
A is homotopic to a circle and A ∩ B has only homology in dimension 0, 1, d − 1, d − 2. Then
Mayer-Vietoris tells us that
Hi(A) ⊕Hi(B)→ Hi(A ∪ B)→ Hi−1(A ∩ B)→ Hi−1(A) ⊕Hi−1(B)
is exact. Now if i ≥ 2, i − 1 ≥ 2 and i − 1 ≤ d − 3, that is if i ∈ {3, . . . , d − 2}, we have that
Hi(B) = Hi−1(A∩B) = 0 and hence the inclusion B ⊂M/Γ induces a surjective map fromHi(B)
toHi(M). For i = 2 one can observe that themap induced by the inclusionH1(A∩B)→ H1(A)
is injective and by exactness the map from H2(B) to H2(M) has to be surjective. 
Let us observe that in rank 1 for cocompact lattices one can use Poincaré duality to
understand the case d − 1. We do not know however if the map from Hd−1((M/Γ)ε) to
Hd−1(M/Γ) is surjective.
4.1. Reminders about ℓ2-Betti numbers for equivalence relations. Before introducing the
ℓ2-Betti numbers of well-covered G-spaces let us briefly recall the notion of ℓ2-Betti number
of p.m.p. equivalence relations with countable classes defined in [Gab02]. Let R be a p.m.p.
equivalence relation over the probability space (X, µ). A R-simplicial complex is a field of
simplicial complexes Σ overX on which R acts smoothly and commuting with the boundary
operators, see [Gab02, Définition 2.6] or Section 5 of [CGS18] in the setting of general proba-
bility spaces. For x ∈ X we will denote by Σx the simplicial complex “over” the point x ∈ X.
We say that such a complex is uniformly bounded if there exists a D such that for almost every
x ∈ X the 1-skeleton of Σ is a graph of degree bounded by D. Note that this implies that the
field of simplicial complexes is uniformly bounded in every dimension.
One can define the (simplicial) chain complex associated to Σ and complete it to a Hilbert
space by using the measure on X. If the simplicial complex is uniformly bounded, then the
boundary operators are bounded and one can define the (reduced) homology as usual. Since
the boundary operators commute with the action of R the equivalence relation still acts on
the homology and we will denote by βi(Σ) the R-dimension of the i-th homology group.
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Whenever Σ is a R-simplicial complex such that Σx is contractible for almost every x ∈ X we
will set βi(R) := βi(Σ).
We say that two R-simplicial complexes Σ and Σ′ are homotopic if there exists a field of
homotopies from Σ to Σ′ which commutes with the action of R. Gaboriau proved that if Σ
and Σ′ are homotopic, then βi(Σ) = βi(Σ
′) for every i [Gab02, Corollaire 3.11]. In particular
βi(R) is well defined. Moreover if R is the orbit equivalence relation induced by an action
of a countable group Γ and Γ acts freely on the simplicial complex S, then one can form
the R-simplicial complex Σ := S × X and one has βi(S) = βi(Σ) [Gab02, Théorème 3.11].
In particular combining this two facts Gaboriau was able to deduce that if R is the orbit
equivalence relation induced by a free p.m.p. action of a countable group Γ, then βi(Γ) = βi(R)
[Gab02, Théorème 3.12].
4.2. ℓ2-Betti numbers of well-covered G-spaces. Let us fix a unimodular, compactly gener-
ated, l.c.s.c. group G and assume that G acts on the probability space (X, µ) preserving the
measure. Let us also fix a symmetric neighborhood of the identity U ⊂ G and let (Y,Ψ) be
an external U-cross section. Take a compact subset U ⊂ K ⊂ G. Define ωKy to be the subset of
those 1 ∈ G such that Ψ(1, y) ∈ Ψ(1 × Y) is in the RKY-orbit of y (cf. Definition 2.15). We set
ωy := {1 ∈ G : Ψ(1, y) ∈ Ψ(1×Y)} and Γy := {1 ∈ G : Ψ(1, y) = Ψ(1G, y)}. Observe that Γy and
ωKy are discrete subsets of G and that ω
K
yΓy = ω
K
y .
Let us nowfix awell-coveredG-spaceM as in Definition 4.1. FixO1, . . . ,Om ∈ O. For every
y ∈ Ywe defineOKy to be the collection of open sets {O1, . . . ,Ok}ω
K
y and we setM
K
y := ∪O∈OKyO.
Clearly OKy is a good cover of M
K
y and the cover is Γy-invariant. Let Σ˜
KMy be the nerve of
the cover OKy and we set Σ
KMy := Σ˜KMKy /Γy. Then Σ
KM := {ΣKMy}y∈Y is a field of simplicial
complexes over Y which is analogous to the one defined in [Sau09, Definition 2.30].
Lemma 4.7. The above constructed ΣKM = {ΣMy}y is a RKY-simplicial complex.
Proof. Let us define the action of RKY on Σ
KM. For every (y, y′) ∈ RKY there exists a 1 ∈ G
such thatΨ(1, y) = Ψ(1G, y′). This 1 is unique up to ΓY, that is if h satisfy the same equation,
then h ∈ 1Γy. Observe that ωKy1
−1 = ωKy′ and therefore 1 induces a homeomorphism α1
from MKy to M
K
y′ which maps p to p1
−1. Since α1 is mapping O
K
y to O
K
y′ it induces a map
α˜1 : Σ˜
KMy → Σ˜KMy′ . Moreover the all the construction is Γy-equivariant so we can define
a quotient map α1 : Σ
KMy → ΣKMy′ and this map will not depend on the chosen Γy class.
Therefore we obtain a well-defined action of RKY on Σ
KM.
Themeasurable structure onΣKM can be easily defined in such awayD := Y×{O1, . . . ,Ok}
is equipped with the product σ-algebra. The setD is not necessarily a fundamental domain.
Indeed we could have that for some 1 ∈ G we have that 1Oi = O j for some i, j. But since the
action is uniformly proper andY is an externalU-cross section one can easily verify that there
exists a constantM ∈N such that for every y ∈ Y the set of y′ ∈ Y such that (y′, y)(Oi, y) ∈ D
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is bounded by M. Therefore D contains a fundamental domain for the action of RKY and
hence ΣKM is a RKY-simplicial complex. 
Note that the RKY-simplicial complex Σ
KM is uniformly bounded by some constant which
depends on M, {Oi}i and G but not on Γ. In the following we will denote by ΣM := ΣKM
whenever RKY is the whole cross equivalence relation RY.
We say that the open subsets {Oi}i≤m of a well-covered G-space M are V-dense if for every
subset ω ⊂ G such that Vω = Gwe have (∪iOi)ω =M.
Proposition 4.8. Assume that the action of G is free and that Y is cocompact, that is that there exists
V ⊂ G such thatΨ(V×Y) = G, and assume that {Oi}i≤m ⊂ O is V-dense. Then the above constructed
RY-simplicial complex ΣM is such that ΣyM is homotopic equivalent to M for almost every y ∈ Y.
Moreover the homotopy type of ΣM does not depend on the chosen V-dense collection of open
subsets or on the cross section. In particular the quantity βi(ΣM)/ covol(Y) depends only on G, its
Haar measure and M.
We will call the quantity βi(ΣM)/ covol(Y) the i-th ℓ2-Betti number of the well-covered
G-spaceM and we will denote it by βi(M).
Proof. The fact that each ΣyM is homotopic equivalent to M follows from the fact that the
nerve of a good cover is homotopic equivalent to the space itself.
Suppose that G acts on the probability spaces (Xk, µk) and that (Yk,Ψk) are external cross
section for k = 1, 2. Consider theRYk-simplicial complexΣkM constructed above with respect
to the cover {Oki }i. The diagonal action of G on X1 × X2 admits two external cross sections,
namely Y1 × X2 and X1 × Y2 on which we can pull back the (field of) simplicial complexes
ΣkM which we will denote by ΣˆkM. The pulled back simplicial complexes are isomorphic
to the simplicial complexes constructed as above on the external cross sections Y1 × X2 and
X1 × Y2 respectively. By [KPV15, Proposition 4.3] there are A ⊂ Y1 × X2, B ⊂ X1 × Y2 which
meet every orbit such that the induced equivalence relations RA := RY1×X2 ∩ (A × A) and
RB := RX1×Y2 ∩ (B×B) are orbit equivalent. Set ΣˆAM to be theRA-simplicial complex obtained
as the restriction of Σˆ1M toA and similarly define ΣˆBM. Théorème 5.3 of [Gab02] tells us that
βi
(
ΣˆAM
)
= (ν×µ′)(A)βi
(
Σˆ1M
)
. Since (ν×µ′)(A)/(µ×ν′)(B) = covol(Y1)/ covol(Y2) it is enough
to show that ΣˆAM and ΣˆBM are homotopic. For this we let ΣˆM the RB-simplicial complex
obtained with the construction above with respect to {O1i }i ∪ {O
2
i }i. Clearly ΣˆBM ⊂ ΣˆM and
the inclusion is an homotopy. On the other hand the orbit equivalence between A and B also
maps ΣˆAM to the sub-simplicial complex of ΣˆM generated by {O1i }i. Again we obtain that
ΣˆM is homotopic to ΣˆAM and hence ΣˆAM and ΣˆBM are homotopic. 
By inducing an action of a lattice to an action of G and using [Gab02, Théorème 3.12] one
can easily obtain the following.
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Lemma 4.9. If G has a torsion free lattice Γ, then covol(Γ)βi(M) is equal to the i-th ℓ2-Betti number
of M seen as a Γ-space.
Let us finally observe that wheneverM is contractible we can recover the ℓ2-Betti numbers
of the groups. For doing sowe have to show that a torsion free lattice acts freely and properly
discontinuously onM. The following is well known.
Lemma 4.10. For every neighborhood of the identity V ⊂ G and compact subset A ⊂ G there exists a
symmetric neighborhood of the identity W such that for every lattice Γ such that Γ∩V = {1} we have
that Γ ∩WK consists of elements of finite order for every subgroup K contained in A.
Proof. LetW1 ⊂ G be an open subset such thatW1W−11 ⊂ V. Consider Γ such that Γ∩V = {1}.
Remark that for every 1 ∈ G we have that |Γ ∩W11| ≤ 1. Indeed if γ1, γ2 ∈ Γ ∩W11, then
γ1γ
−1
2
∈ Γ ∩W1W−11 = {1}. Let N be the maximal cardinality of a W1-separated finite subset
of A. Observe that N ≤ λ(W1A)/λ(W1) is finite. Consider a symmetric neighborhood of the
identityW2 ⊂ G such thatWN2 ⊂ W1. Since A is compact there is a symmetric neighborhood
of the identity W ⊂ G such that 1W1−1 ⊂ W2 for every 1 ∈ A. Let K ⊂ A be a compact
subgroup and consider γ ∈ Γ ∩WK. Let n ≤ N and observe that γn ∈W1K. Indeed if γ = wk
with w ∈W and k ∈ K, then γn = (wk)n = w(kwk−1)(k2wk−2) . . . (kn−1wk−(n−1))kn ∈Wn
2
K ⊂W1K.
Then 1Γ, γ, γ
2, . . . , γN are N + 1 elements in Γ ∩W1K so by definition of N we must have that
for some n ≤ N we have γn = 1Γ as claimed. 
Corollary 4.11. If Γ is a torsion free lattice of G, then the action of Γ on M is free and properly
discontinuous. In particular if M is contractible, then βi(M) covol(Γ) = βi(Γ).
IfM is a contractible well-covered G-space, then we set βi(G) := βi(M). Let us now remark
that [KPV15] implies that this definition of βi(G) coincides with the one in [Pet13].
4.3. Proof of Theorem 4.2. Let G be a l.c.s.c. unimodular and compactly generated group.
Let {Γn}n be a Farber sequence of torsion free lattices ofG. For every n ∈Nwe putXn := G/Γn
and we denote by µn the renormalized Haar measure on Xn. Let U ⊂ G be a symmetric
neighborhood of the identity. For j ∈N, we let
X jn :=
{
1Γn ∈ G/Γn : 1Γn1−1 ∩U j = {1}
}
.
Clearly X jn ⊃ X
j+1
n for every j ∈ N and since {Γn}n is Farber we have that limu µn(X
j
n) = 1.
Also observe that for every j > 2 we have that UX jn ⊂ X
j−2
n . Indeed if u ∈ U and 1 ∈ X
j
n, then
|u1Γn1−1u−1 ∩U j−2| = |1Γn1−1 ∩ u−1U j−2u| ≤ |1Γn1−1 ∩U j| = 1.
Let Y11n be a maximal U-discrete subset of X
11
n and let Y
7
n ⊃ Y
11
n be a maximal U-discrete
subset of X7n. Let us observe that U
2Y jn ⊃ X
j
n and by the previous computation U
2Y jn ⊂ X
j−4
n
for j = 7 and j = 11.
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LetM now be a well-covered G-space. LetW ⊂ G as in Lemma 4.10 and let O1, . . . ,Ok ∈ O
be as in Definition 4.1. Since OiU2 is relatively compact for every i there exists a finite subset
F ⊂ U3 such that OiF ⊃ OiU2 for every i. Since the action is uniformly proper there exists a
compact subset H ⊂ G such that for every 1 ∈ G \H we have that (∪iOi)Fh ∩ (∪iOi)F = ∅.
The group G acts on the regular ultraproduct XRu and Theorem 2.14 tell us that Y
i
u are
external cross section for some map Ψu : G × Y
j
u → Xu for j = 7 or j = 11. Observe also
that Y7u ⊃ Y
11
u and the difference has measure 0 and therefore we can identify them and
simply write Yu. Theorem 2.16 implies that there exists a compact subset K ⊃ H such that
the ultraproduct of the sequence of graphed equivalence relations (R
K, j
n ,Φ
K
n ) is the cross
equivalence relation Ru on Yu which is graphed by ΦKu . Observe also that we can choose the
same K for both j = 11 and j = 7 (but it is not necessary to do so).
Let us denote by R
K, j
n the cross equivalence relation on Y
j
n. Using the same conventions
as before we will denote by ω
K, j
y the set of 1 ∈ G such that 1y is in the R
K, j
n -orbit of y and Γy
will coincide with yΓny−1 since y ∈ Y
j
n ⊂ G/Γn. Set as above M
K, j
y := (∪i≤k, f∈FOi f )ω
K, j
y . We let
know Σ
K, j
n M be the R
K, j
n -simplicial complex as in Lemma 4.7 with respect to {Oi f }i≤k, f∈F and
the above fixed K.
Lemma 4.12. For every y ∈ Y jn we have that Σ
KMy is homotopic equivalent to M
K, j
y /(yΓny
−1).
Proof. By assumption the open sets O1, . . . ,Ok ∈ O are as in Definition 4.1. So if for some
i, l ≤ k if f, 1 ∈ F and γ, γ′ ∈ Γy we have that Oi fγ ∩ Ol1 and Oi fγ′ ∩ Ol1 are both not empty,
then we must have that 1γ−1γ′1−1 ∈ WK′ for some compact subgroup K′ ⊂ A. Observe now
that 1γ−1γ′1−1 ∈ 1yΓ(1y)−1. Since y ∈ Y jn ⊂ X
j
n we have that 1y ∈ X
j−6
n . By assumption j ≥ 7
and therefore 1yΓ(1y)−1 ∩ U = {1}. Lemma 4.10 implies that 1γ−1γ′1−1 ∈ WK′ ∩ 1yΓ(1y)−1 is
a torsion element and since all the lattices Γn are torsion free we get that γ = γ
′.
Now the lemma can be easily achieved observing that the quotient covering induced by
{Oi f }i≤k, f∈Fω
K, j
y onM
K, j
y /(yΓny
−1) is a good cover ofMK, jy /(yΓny
−1). 
The finite equivalence relations R
K, j
n on Y
j
n are not necessarily transitive.
Lemma 4.13. Suppose that x, y ∈ Y jn are not in the same R
K, j
n -class and let 1 ∈ G such that y1 = x.
Then MK, jy 1
−1 ∩MK, jx = ∅.
Proof. This follows easily from the choice of K. Indeed let us assume that for some x, y ∈ Y
we have (∪iOi)Fω
K, j
y 1
−1 ∩ (∪iOi)Fω
K, j
x , ∅. Then there are hy ∈ ω
K, j
y and hx ∈ ω
K, j
x such that
(∪iOi)Fhy1−1h−1x ∩ (∪iOi)F , ∅ and therefore hy1
−1h−1x ∈ H. Hence hy1
−1 ∈ Hhx ⊂ Khx which
implies KωK, jy 1
−1 ∩ ω
K, j
x , ∅ and so we obtain that y and x are in the same R
K, j
n -class. 
Let us fix j either to be 7 or 11. For every n ∈Nwe have now a finite graphed equivalence
relation R
K, j
n on Y
j
n which acts on the field of simplicial complexes Σ
K, j
n M. Observe also that
these simplicial complexes are all uniformly bounded with respect to the same constant
(which does not depend on n). Therefore following Section 5.2 of [CGS18] we can also define
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the ultraproduct of the simplicial complexes Σ
K, j
u which is a Ru-simplicial complex, whereRu
is the ultraproduct of the sequence of graphed equivalence relationsR
K, j
n , or by Theorem 2.16
the cross equivalence relation on Yu.
Lemma 4.14. The Ru-simplicial complex Σ
K, j
u is isomorphic to the Ru-simplicial complex Σ
K
uM
obtained as in Lemma 4.10 with respect the same K and {Oi f }i≤k, f∈F .
Proof. Let us denote by ΣK, ju M the Ru-simplicial complex with respect the same K, {Oi f }i≤k, f∈F
and Y ju. The first observation is that for almost all yu ∈ Y
11
u ⊂ Y
7
u we have that ω
K,11
yu = ω
K,7
yu
and in particular we have that up to a null set ΣK,7u M and Σ
K,11
u M coincide. We are therefore
allowed to drop the j.
Let us define a map at the level of 0-simplices. A 0-simplex of (Σ
K, j
u )[yn]u is associated to a
sequence of open sets {Oin fn1n}n where in ≤ k, fn ∈ F and 1n ∈ ω
K, j
yn is bounded in G. Since
in ≤ k and fn ∈ F for every n we can assume that in = i and fn = f are constant sequences.
Moreover if we denote by 1 the u-limit of the sequence 1n, then 1 ∈ ω
K, j
[yn]u
and hence we can
map the 0-cell [Oi f1n]u to the 0-cell associated to the open subset Oi f1 in Σ
K, j
u M. Theorem
2.16 implies that this map is surjective. The map on the l-cells can be constructed similarly
inductively. 
In particular βi(Σ
K
u ) = βi(Σ
K
uM). Since the action of G on X
R
u is essentially free Proposition
4.8 tells us that βi(Σ
K
uM) = βi(M) covol(Yu). We now apply Theorem 5.9 of [CGS18] and we
get that
βi(M) =
βi(Σ
K
uM)
covol(Yu)
= lim
u
βi(Σ
K, j
n M)
covol(Yu)
.
Let us now prove Theorem 4.2 assuming that each lattice Γn is V-thick, for some fixed
V ⊂ G. We apply the above construction where we choose U ⊂ G such that U11 ⊂ V so
that X7n = X
11
n = Xn for every n and therefore Lemma 4.12 implies that Σ
K,7
n My = Σ
K,11
n My is
homotopic equivalent to M/(yΓny−1) for every n. Observe also that the equivalence relation
RK,11n is transitive (this follows fromexample fromLemma4.13) and thereforewe can compute
βi(Σ
K,11
n M) as in [BG04, Proposition 2.3] and obtain that βi(Σ
K,11
n M) = bi(M/Γn)/|Yn|. Finally
observe that
lim
u
bi(M/Γn)
|Yn| covol(Yu)
= lim
u
bi(M/Γn)
covol(Γn)
covol(Γn)
|Yn| covol(Yu)
= lim
u
bi(M/Γn)
covol(Γn)
.
Since this is true for every ultrafilter u the sequence bi(M/Γn)/ covol(Γn) converges and the
second part of the theorem is proved.
Let us now prove the first inequality without the assumption that the sequence of lattices
{Γn}n is nowhere thin. In this case observe that R
K,i
n is not necessarily transitive.
Lemma 4.15. In the above notations we have limu βi(Σ
K,7
n M) ≤ limu bi(M/Γn)/|Y
7
n|.
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Once the lemma is proven we can proceed as before to get
βi(M) =
βi(Σ
K,7
u M)
covol(Yu)
= lim
u
bi(Σ
K,7
n M)
covol(Y7n)
≤ lim
u
bi(M/Γn)
|Y7n| covol(Yu)
= lim
u
bi(M/Γn)
covol(Γn)
and again since this is true for every ultrafilter u we obtained the desired result. So let us
prove the lemma.
Proof. For j = 7 and j = 11 and for every n we let {y jl }l≤k jn
be a representative of each class of
R
K, j
n , denote by C
j
l the size of theR
K, j
n -class of y
j
l and assume for simplicity that y
j
1
= 1. Lemma
4.13 tells us that {MK, j
y jl
y jl }l are all disjoint. Let us defineM
j
n := ∪lM
K, j
y jl
y jl and let us denote the
associated simplicial complex by S jn. Using [BG04, Proposition 2.3] we obtain that
βi(Σ
K, j
n M) =
∑
l≤kn
|C jl |
|Y jn|
bi
(
MK, j
y jl
/
y jlΓn(y
j
l )
−1
)
|C jl |
=
∑
l≤kn
bi
(
MK, jyl y
j
l
/
Γn
)
|Y jn|
=
bi(M
j
n/Γn)
|Y jn|
.
We are therefore left to prove that limu bi(M7n/Γn)/|Y
7
n| ≤ limu bi(M/Γn)/|Y
7
n|.
For an inclusion of topological spaces P ⊂ Q we get a map at the level of homologies
Hi(P) → Hi(Q) and we denote by ∇i(P,Q) the dimension of the image. Clearly we have that
S11n ⊂ S
7
nand we also have limu(|Y
7
n \ Y
11
n |)/|Y
11
n | = 0. Since the number of i-cells in S
j
n/Γn is
linearly proportional to the size of |Y jn| we obtain that the S
7
n/Γn has only sub-linearly more
i-cells than S11n /Γn (with respect to |Y
11
n |). Moreover the dimension of the homology is also at
most linear in the number of cells and hence one can easily obtain that
lim
u
bi
(
(S7n \ S
11
n )/Γn
)
|Y7n|
= 0.
We now apply the Mayer-Vietoris sequence, see [Hat02, Section 2.2], to the sets A := M7n/Γn
and B := M/Γn \M11n /Γn to get that the dimension of the kernel of the map from Hi(M
7
n/Γn)
to Hi(Mn/Γn) is bounded by bi(M7n/Γn \M
11
n /Γn). Therefore taking the quotient by |Y
7
n| and
going to the limit we obtain that
lim
u
bi(M7n/Γn)
|Y7n|
= lim
u
∇i(M7n/Γn,Mn/Γn)
|Y7n|
≤
bi(M/Γn)
|Y7n|
. 
4.4. Proof of Theorem 4.5. The proof of Theorem 4.5 follows the same lines of the proof of
Theorem 4.2. We will therefore only sketch it.
Let us denote by BG
θ
the ball of radius θ (with respect to the fixed metric dG) around the
identity and by BM
θ
the ball around the class of the identity inM. By definition of the metrics
BM
θ
is just the quotient of BG
θ
.
Take U = BG
ε/7
. By Lemma 4.10 there exists η such that if Γ ∩U = {1}, then Γ ∩ BG
2η
K0 = {1}.
We repeat the construction as in the proof of Theorem 4.2 with U, {Oi} := {BMη } and any
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sequence of maximal U-cross sections. Then the fact that U2Y7n ⊃ X
7
n easily implies that the
above constructedM7n contains (M)
Γn
ε . Therefore by the proof of Theorem 4.2 we have
βi(M) = lim
u
∇i(M7n/Γn,Mn/Γn)
|Y7n|
≥ lim
u
∇i((M/Γn)ε,Mn/Γn)
|Y7n|
.
Take now δ such that BG
δ
⊃ BGε K0 and repeat the construction as in the proof of Theorem
4.2 with U := BG
δ
, {Oi} := {BMη } and any sequence of maximal U-cross sections. Then the fact
that U2Y7n ⊂ X
3
n implies that M
7
n (which is different from the previous one) is contained in
(M)Γnε . As above we therefore get
βi(M) = lim
u
∇i(M7n/Γn,Mn/Γn)
|Y7n|
≤ lim
u
∇i((M/Γn)ε,Mn/Γn)
|Y7n|
which gives the desired result.
4.5. Examples of well-covered spaces. Wewill now discuss some examples of well-covered
spaces and in particular we will prove Corollary 4.4. All our examples will be G-CW
complexes, see [Lüc05]. Since small geodesic balls of a Riemannian manifolds are convex,
they form a good cover of the space, see [dC92].
Fact. Suppose that the l.c.s.c. group G acts uniformly properly and cocompactly on the Riemannian
manifold M by isometries. Then M is a well-covered G-space.
A group G is said almost connected if the quotient of G by the connected component of
the identity is compact. If G is almost connected, then M := K0\G is a EG space for some
maximal compact subgroupK0 ofG, see [Abe75, TheoremA.5] and [Abe78, Corollary 4.14] or
[Lüc05]. Observe that any almost connected group admits a normal compact subgroup such
that the quotient is a Lie group [Glu60, Theorem 8]. Therefore M is naturally a contractible
Riemannianmanifold onwhichG acts by isometry andhenceM is a contractiblewell-covered
G-space. We therefore have the following.
Fact. Every almost connected group acts on a contractible well-covered G-space.
Every simplicial complex admit a good covering by stars and the nerve of this covering is
the simplicial complex itself. Hence one can easily get the following.
Fact. Suppose that the l.c.s.c. group acts uniformly properly and cocompactly on a simplicial complex
M (with countably many cells). Then M is is a well-covered G-space.
Finally assume that G is a general locally compact group and denote by G0 < G the
connected component of the identity. Let us denote by G0 < G the connected component of
the identity in G and let us assume that the group G/G0 acts cocompactly and properly on a
contractible simplicial complex M0. In [LM00] is explained how to induce a E(G/G0) space
to a EG without changing the quotient. Following their construction the preimage of each
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point in the quotient is a countable union of connected Riemannian manifolds. Therefore
we can construct good covers by taking the product of the cover by stars of M0 and small
geodesic balls in the manifolds.
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